CHARACTERIZATION OF LINEAR GROUPS WHOSE 
REDUCED C*-ALGEBRAS ARE SIMPLE 



TAL POZNANSKY 



Abstract. The reduced C*-algebra of a countable linear group 7^ is shown 
to be simple if and only if F has no nontrivial normal amenable subgroups. 
Moreover, these conditions are shown to be equivalent to the uniqueness of 
tracial state on the aforementioned C* -algebra. 
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1. Introduction 

It is of some interest to understand the structure of the reduced C*-algebra of 
a countable group F. Quite a natural question is: Under which conditions is the 
reduced C*-algebra of F simple? This question was posed, for example, in [ . ]. (For 
a more complete history of this question, please see [1'-'] and the references contained 
therein.) Along the same lines, one might wonder under what circumstances the 
reduced C*-algebra of F has several nonproportional traces. The purpose of this 
note is to resolve these questions in the case where F is linear. 

This note has as its purpose the demonstration of the following result. 

Theorem 1.1. Let F be a countable linear group. The following are equivalent: 

(i) The reduced C* -algebra of F is simple. 

(ii) The reduced C* -algebra of F has a unique trace, up to normalization. 

(iii) F has no nontrivial normal amenable subgroups. 

Here is an outline of the structure of the paper: In §2.2, we review the criteria of 
Bekka, Cowling, and de la Harpe for the simplicity of the reduced C*-algebra. We 
then present a modification of their criteria, which we will eventually verify. In §2.3, 
we present a modified ping-pong lemma, which is better adapted to our purposes: 
Namely, it will produce ping-pong partners for given elements, rather than for some 
powers thereof. In §§2.4 and 2.8, we collect some lemmas of Tits, and some facts 
about exterior powers of representations of rank-one groups, respectively. 

In §2.5, we introduce a tool from dynamics, which will eventually enable us to 
make sense of 'perturbations' in the context of a Zariski-dense subgroup. Namely, 
this tool exploits compactness, and gives a priori, though not effective, bounds on 
powers of conjugating elements in certain algebraic expressions. 

In §2.6, we use the Bruhat decomposition to study the orbit structure on products 
of Grassmann varieties. In §2.7, we apply the results of §2.6 to a special case arising 
from the study of dynamics of actions on vector spaces over local fields. Roughly 
speaking, we explore the subject of transversality for the characteristic subspaces 
of semisimple elements of a Zariski-dense subgroup of a simple group defined over 
a local field. 

Eventually, we will encode certain algebraic properties in the dynamical language 
of proximality. For example, the 'very proximality' of a semisimple element will 
allow us show that it lies in a free subgroup (cf. the proof of Theorem 6.5) . Similarly, 
we can encode higher-order algebraic information about subgroups of linear groups 
using elements proximal with respect to several representations simultaneously. We 
tell this story in §3. 

In §4, we revisit the subject of transversality for characteristic subspaces of non- 
torsion, semisimple elements. Using special facts about simply laced groups, we 
obtain very precise control over the characteristic subspaces of conjugate semisim- 
ple elements in a Zariski-dense subgroup in any sufficiently large, irreducible rep- 
resentation on a vector space over a local field. The proof proceeds by reduction 
modulo a local field of a group scheme over Z. Hence §§4.2 and 4.3 take place in 
the setting of complex reductive groups. In §4.4, we reap the rewards for the case 
of a general local field. (For arguments in a similar spirit, cf. [4] and [21].) 

In §5, we consider the problem of finding, for a fixed nontorsion element of a 
linear group, a projective representation over a local field with the property that 
the fixed element has very contractive dynamics. In §5.1, we consider the case of a 
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semisimple element. In particular, we can write down a very satisfying criterion for 
the existence of an irreducible representation of G{k) satisfying the constraint that 
a prescribed semisimple element act very proximally. (See Proposition 5.1, below.) 
In §5.2, the case of a nontorsion unipotent. 

In the remaining section, §6, we prove Theorem 1.1, and offer several related 
formulations, which might prove of some utility. 

2. Preliminaries and recollections 

2.1. Notations. In this paper, all fields mentioned will be made to lie in a universal 
field fi — that is, an algebraically closed field of infinite transcendence degree over 
its prime field. All fields under discussion will be infinite. By the phrase "a vector 
space" we will always mean a vector space over unless we specify otherwise, 
writing for instance "a vector space over fc," where k is another field. Unless 
specified otherwise, by the phrase "an algebraic group," we shall intend an affine 
algebraic group defined over f], which we implicitly identify with the set of its 
points over Q. Otherwise, we will use the terminology, "an algebraic group defined 
over fc," or "a fc-group." We will call a fc-group G absolutely almost simple (resp. 
almost /c-simple) if it has no proper normal, connected, algebraic subgroups (resp. 
fc-subgroups). 

Let fc be a field. A vector space E is said to have a fc-structure if we have 
implicitly associated to £' a fc-submodule E/^ of E with the property that E = 
Ek i^- If V is an algebraic variety defined over k, we shall denote by V{k) the 
set of its fc-points. We will habitually use the following observations: If is a 
vector space with a fc-structure Ek, then we can identify GL{E){k) with GL{Ek)- 
If we denote by Girn{E) (resp. P{E)) the Grassmann variety of m-dimensional 
subspaces of E (resp. the projective space of E), then we can identify Grm{E){k) 
with GimiEk) (resp. P{E){k) with P{Ek)). 

Let G be a fc-group, E a vector space endowed with a fc-structure, p : G GL{E) 
a fc-rational representation (i.e., a homomorphism which is a fc-morphism) . Then 
p is said to be absolutely irreducible if p{G) leaves invariant no proper, nontrivial 
subspace of E. It is said to be irreducible over k if p{G) leaves invariant no proper, 
nontrivial subspace of E which is defined over k. In other words, the representation 
Pk ■ G{k) GL{Ek) is irreducible in the usual sense. 

Occasionally, we shall work with local fields k. In this case, there might be some 
ambiguity between the Zariski topology on a fc-variety and the topology coming 
from the locally compact field. We shall endeavor to be explicit, but we usually 
mean the Zariski topology. Therefore, terms like fc-dense and fc-open always refer to 
the Zariski topology, even when k is local. 'Connected' will always mean 'connected 
in the Zariski topology.' On the other hand, the terms 'interior' and 'compact' will 
always refer to those notions relative to the topology induced from the absolute 
value on a normed field. We denote by IntX the interior of a set X. 

If we have a field extension, k C i and a fc-variety V, then confusion might arise 
about whether a subset of X is open (or closed) in the Zariski topology coming from 
k, or from £ (or from ^2, for that matter). Fortunately, this is not the case, since 
the /c-topology on V{k) coincides with the restriction to V{k) of the ^-topology on 

Vie). 

If g and h are elements of any group whatsoever, we introduce the notation 
=^ ghg^^ and — g^^hg. If g is an element of an algebraic group, we denote by 
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Qs and gu its semisimplc and unipotcnt Jordan components. An algebraic fc-group 
is said to be unipotent if all of its elements are unipotent. We recall that a con- 
nected algebraic fc-group is called semisimple if it contains no nontrivial, connected, 
solvable algebraic subgroup (equivalently, fc-subgroup). It is called reductive if it 
contains no nontrivial, connected, unipotent algebraic subgroup (equivalently, fc- 
subgroup) . We refer to [1 1 ] for the representation theory of semisimple algebraic 
groups, and to [''] for generalities about root systems. 

If d is a distance on the fc-points of an affine fc- variety which is comparable to 
the affine distance coming from the absolute value on fc, then we call d admissible. 
If X and Y are subsets of affine fc-space, and / : X — > F a function, then we denote 
by 11/11 the supremum 

3^p d{f{p)J{q)) ^ 
P,q&X d{p, q) 

Let now E denote a finite-dimensional vector space over a local field fc, P its 
projective space. If 17 is a linear automorphism of E (and dimi? > 1), we denote 
by A{jj) C P (resp. ^'(5)) the projectivization of the sum of the eigenspaces of g 
corresponding to eigenvalues of maximal norm (resp., not of maximal norm). Write 
Cr(g) = A![s) U A!{g-^). We note that if G Q\^(E), then A{sh) = g ■ A(h), 
A!{^K) = g ■ A!{hY and, for any z G N, A{g'') = A{g), A'(g^) = A'{g). Also, if 
5s G GL(i?), then A{g) = A{g,), A!{g) = A'(.g,). 

Definition 2.1. We say that g G GL(i?) is proximal if A{g) is a singleton set. We 
say that g is very proximal if both g and g^^ are proximal 

If p is a representation of a group F on a finite-dimensional vector space over a 
local field fc, and S' is a subset of F, then we write 

0^{p, 5) = {s G S* I p{s) is proximal} 
f2o{p, S) = {s ^ S \ p{s) is very proximal}. 

We note that if p is a fc-rational representation of a fc-group G on a finite-dimensional 
vector space (over fi, that is), then we can regard the restriction of p to G{k) as a 
representation on a finite-dimensional fc-space. Thus, if 5 C G(fc), then we will use 
the notation Q^{p,S), f2Q{p,S) as described above. 

Finally, suppose i5 is a vector space endowed with a fc-structure, P its projec- 
tivization. If /i G GL{E){k), it makes sense to talk about A{h) C P{k). It also 
makes sense, if g G GL{E), to talk about g ■ A{h) C P. We caution that this is not 
the same thing as A{^h), which need not be defined. 

2.2. On the criteria of Bekka, Cowling, and de la Harpe. In the paper [2], 
Bekka, Cowling, and de la Harpe provide several sufficient conditions on a countable 
group F for the reduced C'*-algebra C*{F) of F to be simple, and to have a unique 
normalized trace. 

For a countable group F, denote hy Xr : F ^ U{£'^{F)) the left regular represen- 
tation of F on the Hilbert space (-^{F)- For a square-summable sequence a — (aj) 
of complex numbers, denote by ||a||2 the ^^-norm (X^jli 1% P)^^^- The following 
appears as Lemma 2.1 in [ ]. 
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Lemma 2.2. If for every finite set F of nonidentity elements of F, there exist an 
element g €z F and a number C such that 



(1) 



^C\\ah 



for each h Cz F and every square- summahle sequence a, then the reduced C* -algebra 
C*{F) is simple, and has a unique trace up to normalization. 

In turn the other sufficient conditions of the paper [2] entail the one above. The 
following condition — and the proof of its sufficiency — is a slight modification of 
some of those other sufficient conditions. 

Given a representation p of -T on a vector space over a local field, and a positive 
number c, denote by A''{p(g)) the projectivization of the sum of those generalized 
eigenspaces of p{g) corresponding to eigenvalues of norm c. When p is clear from 
the context, we shall omit it from our notation. 

Lemma 2.3. Suppose that for every finite subset F C F, there exists a decompo- 
sition F — FpU F^; a representation p^ of F on a finite- dimensional vector space 
over a local field for each element h G F^; and an element g Cz F of infinite order, 
such that 

(i) for each h € Fp, the subgroup {g, h) generated by g and h is canonically 
isomorphic to the free product (g) * (h); and 

(ii) for each h Fr and every pair of positive numbers c and d, we have h ■ 
A-{phig))nA''ipn{g)) = 0. 

Then C*.{F) is simple, and has a unique trace up to normalization. 

Proof. First, fix G Fp. In the proof of Lemma 2.2 of [ ], Bekka, Cowling, and de 
la Harpe show that there exists C such that equation (1) holds for g, our fixed h, 
and every square-summable sequence a. 

Next, applying the proofs of Lemmas 2.3 and 2.4 of [ ] to the set F^, we arrive 
at the same conclusion for each h G F^. Since F is a finite set, we can take C 
large enough to work for all h d F simultaneously. The result now follows from 
Lemma 2.2. □ 

2.3. The ping-pong lemma. The following formulation of the ping-pong lemma 
is better adapted for our purposes than the usual formulation. The usual formu- 
lation in practice requires one to raise given group elements to some powers. But 
the statement of our problem necessitates finding a ping-pong partner for a fixed 
element. 

Lemma 2.4 (Ping-pong). Let L be a group generated by a subgroup K and an 
element h, with K of cardinality exceeding 2. Assume given a subset U of an L- 
space X , satisfying the following conditions: 

(i) h-U ^ U; and 

(ii) For all integers j such that ^ \, and all g ^ \ in K, we have gh^ - U C U. 
Then L is isomorphic to the free product K * {h) . 

Proof, li K = K and {h) = {h), then there is a canonical epimorphism rj from 
K* (h) onto L. Explicitly, ry sends g to g ioi g G K, and sends h to h. To show that 
the kernel of this epimorphism is trivial, it is necessary and sufficient to show that 
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any nontrivial reduced word in the free product K * {h) remains nontrivial when 
evaluated in L. 

Let w be such a word. Our hypothesis on the order of K guarantees that we can 
conjugate w to a reduced word w' which begins and ends with nontrivial elements 
from K. Since rjiw) = 1 if and only if rj^w') = 1, we may assume w has the form 

w = gth''- ■ ■ ■ h^'^gih^^go 

where h^' ^ 1, alH = 1, . . . , £, and gi E K \ {!}, alH = 0, . . . , ^. 

Consider the union {h ■ U) U {h~^ ■ U). We prove by induction on m that the 
subword w,n = fhnh-'"^ ■ ■ • h^^ gih^^ §0 acts (via rj) on this union by sending it into U. 

First of all, go ■ {{h ■ U) U (/i"^ • U)) is contained in U by (ii). Next 

r^{w^) ■ {{h ■ U) U {h-^ ■ U)) - {g^h^-)'n{w^^i) 

■ {{h ■ U) U {h-^ ■ U)) 

C U 

by the induction hypothesis and another application of (ii) . 

We conclude that ri{w) ■ {{h ■ U) U (/i~^ • U)) C U. But the hypothesis that 
h-U is equivalent to {h ■ U) U {h'^ -U) (/:U. It follows that w ^ ker ry. □ 

In our applications, the subgroup K will always be infinite cyclic. 

2.4. Some fundamental lemmas of Tits. In this section, we simply collect for 
reference in the sequel several powerful observations of Tits regarding the relation- 
ship between the norm of a projective transformation and proximality. Let E be 
a finite-dimensional vector space over a local field fc, and P its projectivization. 
All topological terminology in this section (e.g., interior, compact) will refer to 
the topology induced from the locally compact topology of k. Given a projective 
transformation b on P and a subset K C P, wc understand \\p\k\\ to be the norm 
relative to an admissible distance on P. 

Lemma 2.5 (Lemma 3.5 of [ ]). A projective transformation has finite norm. 

Lemma 2.6 (Lemma 3.8 of [ ]). Let g E GL(£'), let K C P be a compact set, 
and let q > 0. 

(i) Suppose that A(g) is a singleton and that K H A' (g) ~ 0. Then there 
exists an integer N such that Hg^lxH < q for all z > N; and for every 
neighborhood U of A(g), there exists an integer N' such that g'K C U for 
all z > TV'. 

(ii) Assume that, for some m E N, we have 'g^K C IniK and \\'g"^\K\\ < 1- 
Then g is proximal and A(g) C Intif. 

For linear subspaces V and W of P, let us denote hy WW the join of V and W. 
If V W W ^ E a,nd V nW = 0, then we can define a map proj(F, W) : P\V 
by sending p E P to {{p} \/V)nW. 

Lemma 2.7 (Lemma 3.9 of [ ]). Let g E GL{E) be semisimple. Let K be a 
compact subset of P\A'{g). Set tt = pro] ( A' (g), A(g)) . Let U be a neighborhood of 
Ti{K) m P. 

(i) The set {\\g^\K\\ \ z eN} is bounded. 
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(ii) Suppose N CN is any infinite set such that, for any pair A, /x of eigenvalues 
of g whose absolute value is maximum, we have (A~^^)^ 1 as z tends to 
infinity along N. Then g^K c U for almost all z £ N. 

2.5. Attractor families. When working with a given projective transformation, 
it sometimes helps to conjugate by a projective transformation with more favorable 
dynamical properties. If we conjugate the former element by a large enough power 
of the latter, the dynamics of the resulting transformation resemble the latter more 
than the former. The content of this section is a result which allows us bound this 
"laxge enough" at the expense of introducing non-constructiveness. 

Let k be an infinite field, with local extensions ki, . . . ,kr. Let G be a connected 
fc-group. Let pi, . . . ,pr be absolutely irreducible representations of G on vector 
spaces El,. . . ,Er, respectively, and suppose pi is fcj-rational, i = 1, . . . , r. Denote 
by Pi the projective space of Ei. 

In this section, we shall be concerned with the compact Hausdorff topological 
space X — Pi(fci) X ••• X Pr{kr). For brevity, we shall write 0i = Pi{(j)) when 
(f) G G{k). We wish to associate to an element (j) & 01=1 ^+{piiG{k)) an open 
subset of X. For such an element 0, set 

= (Pi(fci) \ X • • • X (Prikr) \ A'iq^r))- 

Definition 2.8. We shall say a subset ^ of 01=1 ^+{Pi^ G{k)) is an attractor family 
if {O^ covers X. 

We remark that the notion of an attractor family is defined relative to a given 

family of representations. This will play an important role later, but we suppress 
mention of the family of representations when no ambiguity can arise. 

We also remark that a conjugate of an attractor family is again an attractor 
family. 

Suppose S C G{k) is a Zariski-dense subgroup of G. 

Lemma 2.9. (i) If C is the conjugacy class in S of some € Oi=i ^+{pi-:S), 
then C contains a finite attractor family. 
(ii) Given an attractor family and a neighborhood U C X of 

y A{(j)i) X ••• X A{(j)r), 

then there exists a number N' such that for any p G X there exists cj) G ^ 
such that (pi X • • • X pr){(t>^)p C U for all z > N' . 

Proof. Let <j) be as in part (i) of the lemma. Suppose, contrary to fact that the 
collection {O^x \ x G S} does not cover X; namely, that there exists p G X \ 
UkgS By definition, p = {pi, . . . ,Pr) & X \ Uxes ^0°= ^'^^ o^^^y ^'^^ every 
X & S there exists an index i such that x ■ pi C A'(0i). Let N{pi, A' {(pi)) denote 
the subvariety {x G G \ x ■ Pi C A'{(j)i)}. Then S C Ul=i N{pi,A'{(j)i)). 

Since S is Zariski-dense, we have also G C [Jl^i N{pi, A' {(pi)). But G is ir- 
reducible as an algebraic variety, whence there exists an index i such that G = 
N{pi, A'((/)j)). In particular, we have also S C N{pi, A'{<pi)). In other words, pi lies 
in the subspace 

n A'ipii^))- 

xes 
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But this intersection is a proper and ^-invariant subspace and hence also G- 
invariant. It follows from irreducibility of pi that this intersection is empty, provid- 
ing our contradiction. Therefore, {O^^ | a; G 5*} covers X. Part (i) of the lemma 
now follows from compactness of X. 

Suppose now that ^ and U are as in part (ii) of the lemma. By compactness, it 
is necessary and sufficient to prove the statement under the additional hypothesis 
that is finite. We may assume that U = U^eS) ^0 ^ union of "cubes" 

= C/(0, 1) X ••• X C/(0,r) 

with U{(j),i) C Pi{ki) is a neighborhood of A{(j)i), i = l,...,r. Because X is 
compact HausdorfF, it follows that we can talce neighborhoods oi X \ with 
the property that n</,g<j> ^4> is empty. By compactness, we can cover X \ with a 
finite number of cubes, each of which lies in the complement of O^. By construction 
of O^, the closure of the ith "side" of each of these cubes lies outside A' {(pi). Part 
(ii) now follows from Lemma 2.6.(i). □ 

If i? is a vector space, then we denote by the dual space of E. We begin 
with the useful observation that if n — dim E is finite, then the projective space 
of E"^ is naturally isomorphic to the Grassmann variety Gr„_i(i?) of hyperspaces 
in E. Explicitly, this isomorphism is given by sending t £ P(E^) to Icert, where 
t E E'^ \ {0} is a representative of the line t. Moreover, if E has a fc-structure, 
then this isomorphism is defined over k; and if k is local, then the restriction to the 
fc-points is a homeomorphism. 

If p : G ^ GL(£') is a representation of a group G on a space E, let us denote 
by the dual representation G — > GL(£'^). We return to the notation introduced 
at the beginning of this section. Let pi, . . . , Pr, Pi, ■ ■ ■ , Pr be as above. 

Corollary 2.10. Let <P C 01=1 ■*^o(Pi, G(fc)) be an attractor family for the the 
family of representations {pi, . . . , p^i Pi , ■ ■ ■ , Pr}- Assume given subsets Ui, Ki C 
Pi{ki) for i = l,...,r, where Ui is a neighborhood of [J^^^ A(pi((f>)) and Ki is 
compact with Ki f] [J^^^ A' {pi{(l)~^)) = 0, all i ~ 1, . . . ,r. 

Then there exists a number TV' such that for any ji G f2o(pi,G{k)) there exists 
a (/) £ <P such that 

r ■ ^(7.) c u, 

(1)^ ■A'ij-')nK, = 

all i ^ I, . . . ,r and z > N' . 

Proof. The corollary follows from two observations: First, for any representation 
p on a vector space E over a local field, p(7^^) is proximal implies that ^^(7) is 
proximal. Moreover, under the correspondence P(E'^) = Grdim_E-i(^') described 
in the previous paragraph, the image in P{E) of the "hyperspace" ^(^^(7)) is 
exactly ^'(^(7"^)). 

The second observation is that ii K (Z P{E) and w n A' = 0, then the condi- 
tion V K = defines a neighborhood of w in the locally compact topology on 
Grdim£;-i(^')- The result now follows from Lemma 2.9.(ii). □ 

2.6. Cellular decomposition. In this section, we take G to be a connected, k- 
split, almost /c-simple fc-group. We begin by recalling some standard facts about 
parabolic subgroups and the Weyl group. Fix a maximal /c-split torus T and a Borel 
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subgroup B defined over k and containing T. We denote by U the set of simple 
roots relative to the notion of positivity induced on A{T,G) from B. For each 
simple root a £ 11 we have an associated simple reflection Wa € W = W{T,G). 
The set {wa \ a G 77} is a minimal generating set for W. Relative to this set of 
generators, there is a unique element wq G W whose length in the word metric in 
is maximal. In particular, in{wo) = l^"*"]- 

We call a fc-subgroup P of G parabolic if it contains a Borel subgroup defined 
over k, and standard parabolic if it contains our fixed Borcl B. The notion of 
"standard" therefore is not invariant, but it will be clear from the context which 
Borel is the standard one. In any case, every standard parabolic P is of the form 

(2) U ^"^^ 

weWi 

where I is a subset of 77 and Wj the subgroup of W generated by the simple 
reflections associated to roots in 7. From the characterization of {wa} as a minimal 
generating set, it follows that 7 C 77 implies Wj < W and P/ < G. Also, it follows 
that every fc-subgroup containing B is fc-closed. 

We recall the fact that the unipotent radical 7?„ of B is isomorphic as a fc- variety 
to a 'pointed' affine space of dimension \A^\. Explicitly, the map 

* = (*/3)/3e/i+ ^ n "/^(i/s) 

is an isomorphism of algebraic fc-varieties, where the product is taken in any fixed 
order on . 

Let be the unipotent radical of an 'opposite' Borel subgroup, B^°. Having 
fixed a total ordering on Z\+, we denote by tt the projection of U~B = U~ x B 
onto the pointed affine space A''^^' of dimension |Z\+| given by 

]J Ui3{tjj)h ^t = (t/3)/3<0- 

Here the product on the left-hand side is taken with respect to the total ordering 
on A. In particular, the leftmost term comes from U-\, where A is the highest 
root. 

Proposition 2.11. If h £ G{k) is not central in an absolutely almost simple k- 
subgroup of full rank in G, then h is conjugate to an element of BwqB by an element 
ofGik). 

Proof. For w E W, let us denote by X{w) the closure of the Bruhat cell BwB. We 
can identify the tangent space to X(w) at the identity with a certain subspace of 
the Lie algebra of G. For a root a G Z\, let us denote by the corresponding 
root subspace of Lie G, and by Xa G La the normalized derivation corresponding to 
conjugation by the root subgroup Ua. Since X{w) is invariant under the conjugation 
action of T, it follows that this subspace is spanned by the root subspaces it contains. 
Notably, if w ^ wq, then TiX{w) C Lie 7? ® ©-A<iy<o -^i'' "^here A is the highest 
root of A with respect to the partial ordering induced from B. Let {e,y{a) \ < 0} 
be the 'standard' basis of the tangent space to at a. 

If s G T, then the pair {X{w), .s) is invariant under the conjugation action of T. 
It follows that if -u; ^ Wq, then dgir maps the tangent space TgX{w) into the span 
of those vectors e^{o) with —A < u <0. 
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For an element g £ G, let us denote by <j)g the niorphism G A'"^^' given by 
X I— > TT{^g). We shall be interested in the differential di4>g of at the identity, ff 
s € T \ ker A, then di(j)s{X-\) is a nonzero multiple of e_A(o). But this implies 
that dsTT{Ts[s]) = imdi0, ^ 4^(U«,^^„o ^-^(^))' ^l^ence r,[s] U^„^.o TsX{w). 
Thus in this case we have that [s] ^ Uto^^^jo "''^(^)' iiamely that [s] meets BwqB. 

But the orbit of —A under the Weyl group is the set of all (long) roots in A. 
This implies that [s] meets BwqB unless s lies in the intersection of the kernels 
of all (long) roots. Namely, [s] meets BwqB unless Zq{s) contains the connected 
reductive subgroup M of G generated by those subgroups [/„ with a € A (long). 
(Put otherwise, M is the smallest absolutely almost simple, closed fc-subgroup of 
G containing T.) Incidentally, this completes the proof of the proposition in the 
special case where h is semisimple. 

We recall the fact that if s is the semisimple Jordan component of an element h G 

G, then [s] lies in the closure of [h]. If w e W\{wq}, then kdx{TiX{w)) = 0. 
Equivalently, the connected component of {^^^^^^ X{w) containing the identity is 
trivial. Combining the preceding remarks leads us to conclude that X{w) contains 
no nontrivial unipotent classes. By irreducibility, the same holds for X{w) — 
G \ BwqB. In particular, the proposition holds in the special case where h is 
unipotent . 

Now let s (resp. u) be the semisimple (resp. unipotent) Jordan component of a 
fixed but arbitrary element h £ G. If the centralizer Zg{s) of s does not contain a 
conjugate of M, then B[s]B — G; since [s] lies in the closure of [h], it follows that 
B[h]B is dense. 

On the other hand, suppose that Zg{s) contains a conjugate of M. Denote by 
H the connected reductive (in fact simple) subgroup Zg{s)°. Upon conjugation, 
we may assume that Bh = B D H is a Borel subgroup oi H. If is not central in 

H, then m ^ 1. By the preceding remarks, BH{h^)BH — Bh{u^)Bh is dense in 
H. But then B\K\B is dense in BHB. The latter is a closed, irreducible algebraic 
variety, hence coincides with a Bruhat cell closure X{w). Since L_x C LieAf, it 
follows that w = wq. □ 

Remark 2.12. Suppose h — su. As a consequence of the proof of Proposition 2.11, 
we see that [h\ meets BwqB if either u =/= I, or s is not itself central in a simple 
subgroup of full rank in G. 

Suppose h = s E T lies in the intersection of the kernels of all (long) roots of 
A{G, T). Thus, if A is simply laced, then s is central. On the other hand, if A is 
not simply laced, then either s is central; or s lies in the kernel of no short root of 
A, and Zq{s)° is that maximal proper connected simple subgroup of G containing 
T whose root system coincides with the set of long roots of A. 

If a is a short root contained in a G2-subsystem (resp. i32-subsystem) of Z\, then 
there exist a pair of long roots of A whose difference is 3a (resp. 2a). It follows that 
a{s) is a cube root (resp. square root) of 1. Note that any root in a root system of 
type G3 can be written as the sum of two short roots. If s lies outside the kernels 
of all short roots of A, it follows that A contains no subsystem of type G3, which 
excludes from consideration the possibility that A is of type G„, rt 3, or of type 
F4. In other words, B[h]B is dense unless either: 

(i) A is of type B^, n ^ 2; k is not of characteristic two; and a(s) = —1 for 
all short roots a; or 
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(ii) A is of type G2; fc is not of characteristic three; a{s) ~ e for an equilateral 
triangle of short roots a G Z\, where e is a root of the polynomial x'^ + x+l; 
and a{s) ~ = (T^ for the other three short roots a £ A. 

This proposition is useful in analyzing the diagonal action of G on the variety 
G/P X G/Q, where P and Q are standard parabolic subgroups. To be precise, this 
is the action g ■ (x, y) = {gx, gy); or, analogously, g ■ (x, y) = {^x, ^y), if we prefer to 
think of points of G/P as subgroups conjugate to P. We write [{xP,yQ)] for the 
G-orbit of a point of G/P x G/Q. 

The fundamental fact about this action is that the G-orbits are in one-to-one 
correspondence with double cosets PwQ, or equivalently, with the set Wp\W/Wq 
(cf. §3 of [ ] and §5 of [ ]). Here Wp is the subgroup of the Weyl group which 
indexes the union in (2), and Wq is similarly defined. The following observation 
will be helpful. For this next lemma, we can relax our standing assumption that G 
is almost fc-simple. It will be sufficient to assume that G is reductive. 

Lemma 2.13. The orbit [{P,woQ)] is open and dense in G/P x G/Q. 

Proof. The orbit [{P,woQ)] coincides with the image of G x PwqQ under the mor- 
phism G X G G/P x G/Q sending {x,y) to {xP,xyQ). This morphism is the 
composition of the fc-variety isomorphism G x G G x G given by (x, y) ^ (x, xy) 
with the usual quotient morphism G x G ^ G / P x G/Q. The result follows from 
the remark that G x PwqQ is open. □ 

Corollary 2.14. If k is a local field, then G{k) ■ (P,wqQ) is open and closed in 

[iP,woQ)m. 

Proof. Lemma 2.13 implies that the orbit morphism g ^ g ■ {P, wqQ) is separable. 
The result follows from paragraph 3.18 of [7]. □ 

2.7. Transversality. The main aim of this section is to prove Proposition 2.17, 
which will later enable us to choose elements with favorable properties generically. 

Let G be a /c-group, and let p : G ^ GL{E) be a finite-dimensional representa- 
tion on a vector space E. Suppose moreover that E is endowed with a /c-structure 
with respect to which p is rational. In this section we also assume that p is irre- 
ducible over k — namely, p(G) leaves invariant no subspace of E which is defined 
over fc. 

We shall suppress mention of p whenever possible, writing p{g)e = g ■ e when 
g G G and e £ E. 

Let V and W be subspaces of E defined over k with V > and W < E. Let us 
recall the following lemma of Tits. 

Lemma 2.15 (Lemma 3.10 of [ ]). The set {g G G \ g ■ V W} is k-open and 
nonempty. 

The representation p induces a fc-morphism G x G ^ Grdimy(^') x GrdimwiE), 
where Gim{E) denotes the Grassmann variety of m-dimensional subspaces of E. 
Suppose now that P is the stabilizer in G of y (i.e., P={p&G\p-V = V}), 
and Q is the stabilizer in G of W. If P and Q are parabolic subgroups, then this 
morphism descends to a G-equivariant fc-morphism 

G/P X G/Q ^ Grdi,„y(-B) x Gr^^^wiE), 
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given explicitly by {giP, 52Q) '—^ (51 'V, g2- W) . The morphism is equivariant under 
the diagonal G-action. 

Denote by Inc the preimage under this morphism of {(v,w) \ v C w}. (We 
intentionally suppress mention of the dimensions dim and dim VF.) Note that Inc 
is a fc-closed and G-invariant subvariety of G/P x G/Q. 

For the remainder of this section we assume G is /c-split, /c-connected, and almost 
fc-simple. Fix a maximal fc-split torus T. Suppose _B is a Borel subgroup of G defined 
over k and containing T. As we discuss above, B gives rise to a word length on the 
Weyl group W — W{T, G). For clarity, we shall refer to the longest word according 
to i? as (rather than the more conventional wq used above). 

We say that B stabilizes a subset X C if p{h)X = X for all b in B. 

Corollary 2.16. Take V and W as in the previous lemma, with > and W < E, 
and take an element h G BwbB. Suppose that B stabilizes both V and W. Then 
h-V ^W. 

Proof. By hypothesis, P — StabG(V^) and Q — StabG(Vl^) are (standard) parabolic 
subgroups whose intersection contains B. lih-V C W, then {hP,Q) G Inc. But Inc 
is G-invariant, and hence contains the orbit [{hP,Q)] — [{P,wbQ)]- Because Inc is 
closed and [{P,wbQ)] is dense in G/P x G/Q, it follows that G/P x G/Q C Inc. 

In particular, we have that {gP, Q) G Inc for all g G G. Hence g ■ V C W for all 
g. The desired conclusion now follows from Lemma 2.15. □ 

To simplify notation, we write A{g) = A{p{g)) for g G G(fc), and similarly for 
A'{g) and Cr(.g). 

Proposition 2.17. Fix h G G(fc). If g E G{k) is semisimple and A{g) ^ E, then 
the set 

Uh,g ^{ueG\^h- A{g) t Cr(g)} 
is k-open; and is k-dense provided h is not central in an absolutely almost simple 
k-subgroup of full rank in G. 

Given an element g G T{k) we can choose a positive system Zi+ for A = Z\(T, G) 
with the following property: If a G Z\ is such that \oi{g)\ > 1, then a G . If B is 
the Borel subgroup associated to this choice of positive system, then B stabilizes 
A{g) as well as A'{g''^). In fact, if A is the highest weight of p (with respect to 
the notion of positivity A'^), then we can write A(g) explicitly as the direct sum 
of those weight spaces of the form E^^^ where p is a, nonnegative integral sum of 
simple roots a with \a{g)\ = 1. Likewise, we can realize A'{g~^) as the direct sum 
of the weight spaces not of the form E'^^^^'^, where p ranges over the same set of 
sums. 

Proof of Proposition 2.17. The condition defining Uh,g is an open condition. To 
complete the proof, it suffices to show that the open sets Ui = {u E G \ '"h- A{g) <f. 
Al{g)} and C/2 = {u S G | "/i • A{g) A'{g-^)} are nonempty. 

Let T be a maximal fc-split torus containing g. By the remarks in the paragraph 
following the statement of Proposition 2.17, we see that A{g) and A'{g~^) are 
stabilized by a common fc-defined Borel subgroup B containing T. If u is such that 
"/i G BwbB, then it follows from Corollary 2.16 that "h-A{g) ^ A'{g-'^). It follows 
from Proposition 2.11 that the set U2 of such u is nonempty. 

On the other hand it is even easier to see that the set of u G G such that 
^h-A{g) (f_ A!{g) is large. In fact, U\ is nonempty simply by virtue of the conjugacy 
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(over k) of all Borel subgroups over k. Namely, h can be conjugated into the 
stabilizer of A{g), and we certainly have that A{g) (f. A!{g). □ 

In particular, if /i is a fixed element of G(fc) not central in an absolutely almost 
simple fc-subgroup of full rank in G, then there is a nonempty open set of elements 
g satisfying the condition: If g G G(A:) is proximal, then h ■ A{g) ^ Cr((7). This 
follows from the dominance of the morphism T x G — > G given by (t^v) i— > V . 

We also note that it is not necessary in Proposition 2.17 to assume that the 
element g is semisimple. Jordan decomposition tells us that the Proposition holds 
without this assumption either if the field k is perfect; or if the representation p is 
absolutely irreducible and G is absolutely almost simple. 

We conclude this section with a useful result in a similar spirit. Denote by P 
the projective space of our G-module E. The following results immediately from 
Lemma 2.15. 

Corollary 2.18 (Lemma 11 of // (71,52 G G(fc) are such that A{gi) and A{g2) 

are both proper subspaces of P{k), then the set 

{x^G\x- A{gi),x- A{g^^) (/_ Cr(g2) and A^g^) , A{g:,^) (/_ x ■ Cr((7i)} 

is k-open and k-dense in G . 

2.8. Unipotent one-parameter subgroups. Let G be a connected, reductive 
complex algebraic group. We fix a maximal torus T and a system 77 of simple 
roots for Z\ = Z\(T,G). 

For a root a S Z\, we denote by IJa the corresponding root subgroup; and by 5'^, 
the simple rank one subgroup generated by together with Also, ii S C JJ, 

let us denote by Gs the subgroup generated by all Sa for all a G S. 

Let 7? be a finite-dimensional module for G. Denote by the weight space of 
E corresponding to weight /x. 

Suppose that /io is a weight of E with the property that fiQ — a is not a weight of 
E. Consider the maximal a-string through (Iq: Namely, the longest possible string 

^o,Aio + a,---,A*o + mQ 

of weights of E. Since Sa stabilizes ©"1q 7?^°'*'*", we can infer that if M is any 
^Q-irreducible submodule of E, then M is spanned by weight vectors for the action 
of G on 7?, or equivalently, with its intersections with the weight spaces E^. 

It follows that for fixed a G A, we can choose a basis {ef } of 7? with the 
properties that 

(i) For any particular weight /x, the vectors for i = 1, . . . ,dmiE'^ form a 
basis for 7?'^ ; 

(ii) If M is any S'^-submodule of E, then {e^} contains a basis for A7; and 

(iii) For all i = 1, . . . ,dim7i''', either Ua fixes or there exists a, j, 1 ^ j ^ 
dim 7?''+", such that for every t G , we have 

Ua{t) -6^ = 6^ + te^+" + correction, 

where the correction vector lies in 7?^+'" and is of quadratic magni- 

tude in t. 

Consider the family of nilpotent endomorphisms Ua {t) — I, where I is the identity 
matrix. Given e S E^, there is a number z such that the vector- valued function 
{Ua{t) — lY-e is not zero identically in t, but this vector lies in the kernel of (t ) — 7 
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for all t S C. It follows from property (ill) that for this the vector {ua{t) — ly ■ e 
is independent of t, up to scalar. 

For M as in item (ii), we observe that M is spanned by its intersections with 
the weight spaces E'^. Also, if G G represents the simple reflection Wa & W 
corresponding to a, then Wa normalizes Sa- It follows that Wa ■ {M fl £''*) = 

The set of pairs indexing the aforementioned basis {e^ | 1 < i ^ dimS^} 

of E possesses additional structure. By property (iii) above, we have that cither 
Ua fixes ef , or for some j and every t G C ^ , we have {t)-e.i = ef + tua (t) ■ e^^" . 
In the latter case, let us say that (/x, i) is a-linked to {n + a, j). It is true — though 
no mere consequence of notation — that (/tii,ii) is a-linked to {^2,12) if and only if 
(/i2, «2) is (— Q!)-linked to (/ii, ii). By an a-chain of E we intend a sequence of pairs 
{{l^j,ij))j=i....,i such that each is a-linked to its successor (/ij+i, 2^+1). 

Let us introduce a bit of notation. Let A be the weight lattice of G. Let 
£ : yl X N ^ yl be the projection onto the first coordinate. We observe that if I is 
an a-chain of E, then £1 is an a-string of weights of E. 

If X c E, we define the set £ eX to be the smallest subset K oi A satisfying 

Xc^Ei". 

For example, for a basis vector e^, we have the identity £E{Sa ■ ef) = £1, where 
/ is the maximal a-chain of E containing (/U, z). As we observed above, Wa acts as 
an involution on the set £E{Sa ■ ef ). 

Suppose M is a subspace oi a E which is spanned by its intersections with the 
weight spaces £;^. Write = M n i^^. By hypothesis, M = ©^g^-^M 

Lemma 2.19. Let M be an Sa-submodule of E. Suppose fi and v are weights of 
£eM and satisfying 

|(/i,a)| < {v,a). 

Upon restriction to E^ and projection to E'^ , for t G C^, Ua{t) induces a linear 
map n SpanfJ-c • M" M" . This map is injective for all but finitely many 
values oft. 

Likewise, the map M" — > Af* induced from U-a{t) is injective for all but finitely 

many t € C 

Proof. Without loss of generality, we assume that G has rank one, G = Sa, and 
that E is irreducible. In this case, the weight spaces are one-dimensional. 

We consider the assertion about the map _E'' E" . Since Wa induces an 
involution on the set of weights of E the hypothesis entails that E"^ is nonzero. The 
map in question is linear, and hence completely determined by the image of e^. 
Having chosen a basis correctly, this map is given by e'^ 1— > t'^'^-i^''^") ^ hence has 
full rank for almost every t. 

The second assertion follows by symmetry. □ 

We conclude with a remark about exterior powers of representations of rank- 
one groups. For simplicity we assume that G itself has rank one, G = Sa- In 
this case, the weight lattice is just 'Zuja, so we shall identify a weight /i = zzu^ 
with the number (/x, a)||ci7a|| = z/V^. If E is an irreducible, finite-dimensional 
representation of G, let us denote by e' a nonzero weight vector of weight i. 
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Suppose now m ^ n — dim E and let / be an m-element subset of { , + 
72, ... , ^}. Then we define 

Denote by [/] the weight J^iei We observe that the vectors e/ form a basis of 
the TO-fold exterior power /\^E of E. Moreover, the vector ej is a weight vector of 
weight [/] for the induced representation of G. 

Lemma 2.20. Let E be an irreducible, finite- dimensional module for a rank-one 
group G. Let k be an arbitrary nonzero vector in E, and m < n. If Eq is an 
irreducible component of /^"'E, then the map x i-^ x /\k does not annihilate Eq. 

Proof. If TO = n — 1, then is irreducible as a G-modulc, and the result follows 

from Lemma 2.15, for example. Therefore, we assume to < n — 1. 

Let h — ^ cjei be a nonzero vector in Eq. If i is a weight of E, and / is a set 
of such satisfying i ^ I and cj ^ 0, then A /i 7^ 0. 

In turn, we can write as a sum ^ ctUa(t) • fc or ^ ctU-a(t) ■ k over a finite set 
of times t. (Up to exchanging a with —a, we may assume the former.) It follows 
that Ua{t) ■ k f\ h is nonzero for some/almost every t e C. The same holds for 
k A Ua{—t) ■ h. □ 

Combining with Lemma 2.15, we obtain the following corollary: 

Corollary 2.21. Let G, E and Eq be as in the Lemma 2.20. If k and h are 

arbitrary nonzero vectors in E and Eq, respectively, then the set of g G G satisfying 
the equation 

khg-h^Q 

is nonempty and open. 

Proof. Lemma 2.20 implies that the set of x satisfying k A x — is a proper 
subspace. □ 

3. Simultaneously proximal elements 

We begin this chapter with a lemma due to Margulis and Soifer. Let ki, . . . ,kr 
be local fields. We denote by Ei, . . . ,Er vector spaces over the fields ki, . . . ,kr, 
respectively; and by Pi, . . . ,Pj. their respective projective spaces. 

Lemma 3.1 (Compare Lemma 3 of [ ]). Assume given for i ~ 1, . . . ,r a sequence 
of semisimple elements hi G GL(£'i). There exists an infinite subset N dN such 
that for any i, if A and fi are eigenvalues of hi whose absolute value is maximum, 
we have (A^^/i)^ 1 as z tends to infinity along N . 

Proof. We prove by induction on q that there exists a set Nq dl^ with the properties 
described in the statement of the lemma satisfied for hi, i — 1, . . . ,q. The base case 
is given in Lemma 3.9. (i) of [22]. 

Assume given Ng_i and suppose A and fi are eigenvalues of kg of absolute value 
maximal among eigenvalues of hq. By local compactness, the unit ball in kq is 
compact. Since |A/i~^| = 1, there exists a sequence {zm}meti of elements of Nq-i 
such that Zm ^ 00 and (A^^/i)^" converges as to ^ 00. Extracting a subsequence 
{zm„} such that successive differences Zm„ — Zm„-i tend to infinity in n, we see 
that the set Nq — {zm„ — ^m„_i | G N} satisfies all the conditions set forth in the 
statement of the lemma. □ 
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3.1. Density theorems. Eventually, we will want to choose some elements of G{k) 
which act very proximally with respect to several given representations. Speaking 
informally we shall call such elements simultaneously very proximal elements, and 
likewise for simultaneously proximal elements. In this section, we will show that 
if we can find simultaneously proximal elements, then not only are such elements 
abundant, but so are simultaneously very proximal elements. In the next section, 
we will show that there exist simultaneously proximal elements. 

Let k be an infinite field (not necessarily local); ki,...,kr, locally compact, 
valued extensions of fc; Ei, . . . , Er vector spaces, with each Ei endowed with a 
fixed fci-structure, i — 1, . . . ,r. Denote by Pi the projective space of Ei. Let G be 
a connected, reductive /c-group, S a Zariski-dense subgroup of G{k), and assume 
given a collection {pi : G GL(i?i)}j-i_ of finite-dimensional representations 
of G. Suppose moreover that each pi is fc^-rational and irreducible over ki . 

Proposition 3.2 (Compare to Lemma 6 of [ ]). Suppose that the intersection 
ni=i ^+{PiiS) ^•s nonempty. Then 01=1 ^+{PiiS) is k-dense in G{k). 

Proof. Let g be an element of the intersection f^^^-^^ [2^{pi, S), the existence of 
which is guaranteed by our hypothesis. For brevity of notation, we write gi — 
Pi{g) G GL{Ei){ki). Consider the set 

U, = {xeG\x- A{g,) ^ A'{g,)}. 

Each Ui is a Zariski-open and nonempty subset of G. By connectedness, the inter- 
section U = nl=i Ui is Zariski-dense. Since G is reductive, it follows that G{k) — and 
hence also S — is Zariski-dense in G (cf. Lemma 13.3.9 of [ ]). Therefore S OU is 
fc-dense in G{k). 

Let h be taken from the intersection S H U. Then for all i = 1, . . . , r we have 
h ■ A{gi) C Pi\ A'{gi). Let Ki be a compact subset of Pi{ki) such that the singleton 
A(gi) is contained in the interior of Ki. (Here we mean 'compact' and 'interior' in 
the topology induced from the topology of the local field ki.) 

By Lemma 2.5, there exists a number q > such that ||pi(/i)|_fs-Jl < q, all 
i — 1, . . . , r. Let us write Li = h ■ Ki. Since Li G Pi \ A'{gi), by Lemma 2.6, it 
follows that there exists an integer Nh such that IL^i^li; |1 < l/q and g^ - Li C Int Ki, 
all « = 1, . . . ,r and z > Nh. Let C N be given so that the set {g^ \ z € N} 
is fc-connected, and let N'{h) = {m ^ N \ m > N^}. By definition of q, we have 
\\pi{g'^h)\Ki II < 1 and g^h ■ Ki C Int Ki, all i = 1, . . . , r and z exceeding Nh. 

Therefore Lemma 2.6.(ii) implies that g^-h lies in the intersection fXi=i ^+{Pij S) 
for all z > Nh. Denote by C1a;(-) the fc-closure operator. Since N \ N'{h) is finite 
and the set {g^h \ z G A^} is fc-connected, it follows that 

g^/ieClfc |^fjf2+(p„5)^ 

for all z G A^. That this is true for every h in the fc-dense set SOU implies that 
G C Clfc(nLi f2+{pt,S)). This completes the proof. □ 

Proposition 3.3 (Compare Proposition 3.11 of [ ]). //nl=i ^+{PiiS) is k-dense 
in G{k), then so is nl=i ^oiPi^S). 

Proof. G contains a Zariski-open set of semisimple elements [1!)]. Because G is 
reductive, G(fc) — and hence also fX^i i^+{pi, S) — is Zariski-dense in G. Let g~^ 
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be a semisimple element of ni^=i ^+{Pi^ S). For convenience we use the notation 

9i = Piig)- 

By Lemma 2.15, the set 

r 

f]{{xeG\x- A{g,) ^ A\g-')} n {x e G \ x'' ■ A{g,) ^ A\gr^)}) 

is nonempty and open. Let h € S he a,n element of this intersection, and set 

B,^{h-A'{g,))W{h-A{g.,)nA'{g-')), 
Bl^A\g,)V{A{g,)nh-A\9^')), 

and Ui ^ {x e G \ X ■ A{g:r^) (f_ Bi and h ■ A(gri) ^ x ■ B[}. Because of the 
conditions set on h, we have Bi ^ Pi and B[ ^ Pi, and it follows from Lemma 2.15 
that U = 01=1 is open and dense in G. Therefore 5 n [/ is /c-dense in G{k). Let 

ucsr\u 

Set TTi = ^ro]{A' {gi) , A{gi)) and tt^ = proj(/i • A'{gi),h ■ A{gi)). We have u ■ 
A{g-') t h-A'{g,)jmd ^[{u-A{g-^)) ^ A'{gi^). Similarly, u-^h-A{gi^) ^ A'{g,) 
and 'Ki{u~^h ■ A{g^ ^)) h ■ A{gi). Let Yi (resp. F/) be a compact neighborhood 
of A{g~'^) (resp. u~^h- A{gl^)) such that 

u■Y,r^h■ A'Cgri) = 0, ^^'(u . F,) n A'{g-^) = 0, 
r/ n A'{g{) = 0, n h ■ A{gr^) = 0. 

Let Zi (resp. .Z^) be a compact neighborhood of 7r^(u • F^) (resp. 7ri(y/)) in Pi 
whose intersection with A'{g~^) (resp. h ■ A'{g~^)) is empty. By Lemmas 2.7.(i) 
and Lemma 2.5, there exists a number g > such that 

\\p,{hg''h-^u)\Y^\ <q and \\H91\y:\\ < q 

for alH = 1, . . . , r and z e N. 

Lemma 3.1 implies that there exists an infinite subset N d'H such that for every 
pair A,/i e fi{gi), and every i = 1, . . . ,r we have {\^~^Y ^ 1 as z — > cx) along 
N . The linear transformation pi{hgh~^) has the same eigenvalues as gi. Therefore, 
Lemma 2.7.(ii) implies that, for almost all z e we have 

(3) hg'^h'^u -YiC Z, and 5^ • F/ C Z',. 

Upon replacing iV by a subset, we may assume in addition that the set {g^ \ z E N} 
is fc-connected. 

By Lemma 2.6. (i), we have for almost all 2 e N that 

(4) \\g-'\zM<l/q, g-'-Z',Cu-lntY: 

(5) mhg-'h-')\z'J\<l/q\\u-'l hg-^h-' -Z^Cu-liitYl. 

Let N'{u) denote the set of all z e such that (3), (4), and (5) hold simultaneously, 
all i = 1, . . . , r. 

For all z G N'{u), we have 

g-'hg'h-^u-Y.ClntY,, \\p,{g-^hg'h-'u)\YA\ < 1, 
u-^hg-'h'^g' ■ r/ C Inty/, \\p,{u-^hg-'h'^g'-)\Y'\\ < 1; 
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hence, by Lemma 2.6. (ii), 

r 

g-'hg^h-^ue{^^2o{p^,S). 

1=1 

Since N \ N'{u) is finite and the set {g^ | z G N} is fc-connected, it follows that 

g-'hg'-h-'u e Clfc (^f]Qo{p,,S)^ 

for all z E N. That this is true for every u in the A:-dense set SOU implies that 
G C Clfc(n[^i fioiPi^S)). This completes the proof. □ 

Proposition 3.4 (Compare to Lemma 9 of [!()]). Let H be a finite-index sub- 
group of S and Hg a coset of H in S. If fXi=i ^+{PiiS) is nonempty, then so is 
iTi=i^oiPz,Hg). 

Proof. Since G is /c-connected, H is Zariski-dense in G. The previous two propo- 
sitions tell us that we can find an element h of 01=1 ^a{Pii H)- Set hi — Pi{h). 
Consider the set 

Ur^{xeG\xg- A{h,) (/_ N{h,)} n {x e G I A{h-^) (/_ xg ■ 

It follows from Lemma 2.15 that I] = ni=i open and dense in G. Therefore 
n [/ is fc-dense in G(fc). Let x e iJ n [/. 

Set ho = xg G Hg. By construction, we have for all i that ho-A{hi) (f. A! (hi) and 
/iq ^ • A(h~^) (/l Since the sets ^(/i^^) are singletons, there exist compact 

sets Ki and in Pi such that 

Cintif,, h-K,^P,\J^{K), 

A(lq^) C Int i^r, /i-i . K- C \ A'(V^), 

all i = 1, . . . , r. Write Mi = ho ■ Ki and = /iq ^ • . By Lemma 2.5, there 
exists a number q > such that 

max{||pi(ft.o)|xJ|, ||Pj(V^)ImJ|} < q- 

Since M, d Pi\A'{h,) and C \ it follows from Lemma 2.6. (i) that 

there exists a number Ni such that |i/5i(ft^)|Mi II < 1/9 and ||pi(/i~^)|jv^- II < l/? for 
each z > Ni and i = 1, . . . ,r. Moreover, there exists a number A^2 > such that 
h^ ■ Ml C Int Ki and /i^^ • M[' C Int iiT^^ for each z > N2 and i = 1, . . . , r. 
By choice of q, we have that 

h'ho-K, C Int if,, \\p,{h'-ho)\KM < 1, 

/z-^V' • K- C IntXr, ||p;(/i-^V')l/f- II < 1, 

for each z > md.x{Ni, N2) and i — 1, . . . ,r. So from Lemma 2.6.(ii) it follows that 
h^ho, h~^hQ^ e nl=i ^+{Pi^ S) for each z > max(iVi, iV2). But /i~^/iq ^ is conjugate 
to h^^h^^ = [h'ho)^^ . It follows that for such z we have h^ho G 01=1 ^oiPij Hg)- 

□ 

We conclude this section with a result on density, though not about proximality. 
It says that for a subset of a finitely generated linear group, profinite density is 
better than Zariski density, and almost as good as Zariski openness. 
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Lemma 3.5. Let F be a finitely generated, Zariski-dense subgroup of a reductive 
algebraic group G; Hg a coset in F of a finite-index subgroup H < F; and Y a 
Zariski-open subset of G. Fhen Y D Hg is Zariski dense in G. 

Proof. Upon replacing Y by Yg^^, we may reduce to the case g — 1. Since H is of 
finite index in F, it is Zariski dense, and we reduce to the case F — H — Hg. The 
result now follows from the proof of Proposition 3 of [ i], for example. □ 

3.2. Existence. As promised, in this section we will produce elements which act 
proximally with respect to each of several given representations. 

Fix an infinite field k and assume that ki, . . . ,kr is a family of local fields ex- 
tending k. As before, G is a connected, reductive /c-group, and S a Zariski-dense 
subgroup of G{k). For i = 1, . . . , r, let i^i be a finite-dimensional vector space en- 
dowed with a fc^-structure. Assume given a family pi : G GL(£'i) of fc^-rational, 
fci-irreducible representations. 

Lemma 3.6. // n^{pi, S) ^ for all i — 1, . . . ,r, then also 

r 
i=l 

Proof. By induction on r. For r — 1, there is nothing to prove. Now suppose that 
both fXi=i ^+{Pi, S) and f2+{pr, S) are nonempty. By Proposition 3.2, we can find 
semisimple elements g and h such that g G 01=1 ^+{Pii and h G f2+{pr, S). For 
convenience, we shall write hi = pi{h) and — pi{g) for i = 1, . . . ,r. Also, set 
TTi = pmi{A' (hi) , A{hi)) for i = 1, . . . , r - 1, and tt^ = pi-o]{A' (gr) , A{gr)) . 

Since the pi are irreducible and S is dense, we can find v G S he such that 
V ■ A{gi) C Pi\ A' (hi) for i — 1, . . . , r — 1. Consider the set of elements u £ G 
simultaneously satisfying the following r + 1 conditions: 

u ■ n,{v ■ A{g,)) C P^\A'{g,), i = 1,.. .,r- 1, 

U ■ A{hr) C Pr\ A'{gr). 

(6) u ■ A{hr) t {v-^ ■ A!(hr) n A{gr)) V A!{gr). 

By Lemma 2.15, the set of such u is Zariski-open. Since S is dense, we can choose 
such an element u in S. By (6), we have v ■ TTr{u ■ A{hr)) C Pr\ A'{hr). 
Choose compact sets Li such that 

L, C P, \ A'{g,) 
u ■ ■Ki{v ■ A{gi)) C IntLj, 

for i = 1, . . . , r — 1; and 

Lr<ZPr\ A'{hr) 
V ■ TTriu ■ A{hr)) C lilt Lr- 

Let C N be the infinite set whose existence is guaranteed by Lemma 3.1, where 
the set of given semisimple elements is /ii, /i2, . . ., /ir-i, ffr- We choose compact sets 
Ki such that 

A{g^) C IntK, 
vK.dP.X A'{h,) 
u ■ 'Ki{v ■ Ki) C Int Li 
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for i = l,...,r — 1; and 

A{hr) C IntKr 

U- Kr C Pr\ A'{gr) 

V ■ 7Tr{u ■ Kj.) C Int Lj.. 

By Lemma 2.7, we have that there exist numbers A^o ^^nd q such that, if we set 
N' = {z e N \ z > No}, then 

uh^v ■ Ki C Int Li, all z e N'; and 

\\Pi{h^)\v-KM < q for all 2; e N 

for i = 1, . . . , r — 1; and 

vg^u ■ Kr C Int L^, all z E N'; and 

\\Pr{9')\u-Kj\ <q forallzeN. 

By Lemma 2.6.(i), there exists a number A^i such that 

m9')u\<{qmu)\^-^.LMMv)\KA\)^ 

5^ • C Ki 
for all z > Ni and i = l,...,r — 1; and 

\\Prihn\Lj < {q\\pr{v)\v-^-LMPr{u)\Kjr' 
■ Lr C Kr 

for all z > Ni. 

It follows from Lemma 2.6.(ii) that if z > A^i and s £ N' , that pi{g^uh^v) 
is proximal for z = 1, . . . , r — 1, as is pr{h^vg^u). But h^vg^u is conjugate to 
g^uh^v. It follows that if 5,0 > max(A'o,A^i) are both taken in N, then we have 

g^uh'ver\^=l^+ip^,S). □ 

Momentarily breaking with our notational convention, we denote by 5* the profi- 
nite completion of S. 

Corollary 3.7. // Q^{pi, S) ^ for all i = 1 . . . ,r, then the set 

r 

{^^0{P^,S) 

1=1 

of simultaneously very proximal elements is Zariski-dense in G, as well as dense in 
the profinite topology on S . 

4. Strong transversality for simply laced groups 

4.1. Combinatorial data. Let Z\ be a reduced root system, and A the associated 
weight lattice. Suppose given an affine hyperspace K oi A ^ M., and denote by 
the parallel linear hyperspace. The goal of this section is to define some 
combinatorial data, depending on (the linearization of) our affine hyperspace K, 
which develop consistently as we restrict our attention to smaller and smaller root 
subsystems. 

Fix for reference a system U of simple roots. As usual, we identify 77 with the 
vertex set of the Dynkin diagram of A. Let us call a simple root uj extremal if the 
subset 77 \ {uj} corresponds to the vertex set of a connected subgraph of the Dynkin 
diagram of A. Given an extremal vertex a; and an element w G W{A) such that 
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n \ {uj} w ^ ■ !^K, there exists an a G 77 \ {uj} not parallel to w ^ ■ K. If we 
insist that the combinatorial path 

a = /3i ~ • ■ ■ ~ /3g = w 

connecting a to in the Dynkin diagram of A passes entirely through vertices 
/32, ■ • • , Pq-i S 77 lying parallel to w^^ ■ K , then a is nearly unique. Fix an extremal 
vertex oj, and denote by S 7T \ {cj} one such root. 

Lemma 4.1. Let A he an irreducible, reduced root system of simply laced type and 
of higher rank; K, U , and u) as above. Then there exists an element w G W 

such that 

(i) w ■ UJ is not parallel to K; 
ill) n\{Lj}(^ • S>K; and 
(iii) w ■ Uyj is not orthogonal to K . 

Proof. It follows from irreducibility of A that the Weyl group cannot stabilize the 
union of a proper subspace and its orthogonal complement. In particular, there 
exists w &W such that w ■ uj lies outside '2iK U '2)K^ . For a nonzero root a G A, 
let Wa € be the corresponding simple reflection. Suppose first that w does not 
satisfy condition (ii). Then Wi^w^^p^ -^^w verifies the conclusion of the lemma. 

Therefore, we suppose that w already verifies condition (ii). If Uyj is orthogonal 
to w, then we have that w ■ also lies outside of ^TsTU 2iK^ . We are left with the 
case where ~ i-e. {aw,^}) = —1 (using the normalization that {a, a) = 2 for 
all roots a 7^ 0). In the case where w fails to verify condition (iii), then oi^^w = oiw, 
and Wi^w verifies the conclusion of the lemma. □ 

Let w be as in Lemma 4.1. Upon replacing 77 by w • 7T, we may assume w — \. 
That is, 

(GDI) UJ is not parallel to K; 
(CD2) n\{uj}<t 

(CDS) a — is not orthogonal to K\ and 

(CD4) the combinatorial path a = (3i ^ ■ ■ ■ ^ [3q = uj connecting a to a; in the 
Dynkin diagram of A passes entirely through vertices ^2, ■ ■ ■ , f^q-i G 77 
lying parallel to K. 

Define A' — AO Span(77 \ {uj}). By construction. A' is again irreducible and 
of simply laced type. By definition, a is not parallel to K. It follows that K' = 
K n Span Z\' has codimension one in SpanZ\'. Provided A' has higher rank, we 
can choose a set 77' of simple roots for A' and a simple root uj' e 77' such that 
properties (CD1)-(CD4) hold with uj, K, U, and a replaced by uj', K' , etc. If 
rank A' = \, then we simply set a' = uj' to be a nonzero root, and 77' = {a'}. 

4.2. Weight spaces for simply laced groups. Let G be a connected, reductive 
complex algebraic group. We fix a maximal torus T and a system 77 of simple roots 
for A{T, G). Denote by B the corresponding Borel subgroup of G. 

In this section, we will also assume that G is a simply laced group, i.e. a group of 
type A, D, or E (modulo its unipotent radical). We begin essentially by formulating 
statements analogous to those in §2.8, but in the higher rank situation. We recall 
the fact that the unipotent radical 73^ of B is isomorphic as an algebraic variety to 
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affine space of dimension Explicitly, the map 

is an isomorphism of complex algebraic varieties, where the product is taken in any 
fixed order on Z\+. 

Fix an numbering {0i,02, • • •) of Z\+ compatible with the poset structure: that 
is to say, with the property that f3i < (3j implies i > j. Fix an irreducible rep- 
resentation of G on a finite-dimensional complex vector space E. Write Ui = Ufj. 
and ti = tf^.. To an arbitrary but fixed nonzero vector e G i?, we can associate an 

endomorphism nl=i '(^i(^i) ~ where the numbers Zi are defined inductively 
as follows: The vector- valued function ni=i("i(*i) — -'^)^* • e is not zero identically 
in {ti, . . . , tj), but this vector itself lies in the kernel of Uj{tj) — I for all tj € C. If 

e is a weight vector, then so is nl=i ~ ^T' ' ^■ 

Lemma 4.2. The vector n'=i ^ iui{ti) — I)^* e is independent oft = 

up to scalar. If E is irreducible as a complex representation of G, then the line in 

this direction is the unique B-invariant line in E. 

Proof. The first assertion follows from the analogous phenomenon in rank one. For 
the second, we need only show invariance under B. 

Taking e G E^^, we see that for almost all t, we have that fi + ' ZiPi is a 

lowest weight in £e (n'=j — I)^* ' ^i and likewise when e is replaced by 

any element of i? • e. Therefore 

/ l^+l \ /\A+\ 

\ i=j ) \ i=j 

for any b G B. The result now follows from the compatibihty of the numbering 
with the poset structure on Z\+, together with the fact that nl=i ~ ^)^' ' ^ 

is independent of t, up to scalar. □ 

Given a set of simple roots S C 77. we can identify S with a subgraph of the 
Dynkin diagram of G. We shall be interested in those S for which S and S' = 11 \S 
correspond to connected (nonempty) subgraphs. 

Denote by the group generated by the root subgroups Ua, U^a for a E S. 
Set As = Ad Spans' and Ag = Z\+ n As. By symmetry, we can adopt similar 
notations for the situation where S and S' exchange roles. 

Before turning to the next lemma, it is useful to recall the commutation relations 
for unipotent subgroups [/„', a' G If a, /3 G Z\+ are such that a + P is 

not a root, then Ua and Up commute. Otherwise, Ua{t) and W/3(s) commute to 
Ua+fj{cst) for some nonzero constant c G C depending only on a and /?. Though not 
strictly necessary for our purposes, we recall that, upon normalizing the unipotent 
subgroups Ua', a' G A, we can take c = c{a,/3) = ±1 for all positive roots a and 

Suppose that E^' < £^ is a Gg-submodule of E. If we assume moreover that 
E' is irreducible as a Gg-submodule, then there is a unique line in E' which is 
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stable under all Up, f3 £ Ag. Let e' e E' denote a nonzero vector in the in- 
variant direction. Since S' is the vertex set of a connected subgraph, we can ap- 
ply the preceding considerations to produce numbers ya, a S ^s'' such that the 
vector naezi+ {"^aita) — I)^" ■ e' (in a fixed ordering on Ag,) is independent of 
t — (^c()Qgzi+ I up to scalar. Let e" be a nonzero vector lying in this direction. 
Applying Lemma 4.2 to the group Gs', we obtain that e" is invariant under those 
subgroups Ua with a G ^31- 

Lemma 4.3. Let S be the complement in U of an extremal uj. Suppose E' , e' , e" 
are as above. Then e" is invariant under Up for all (3 G \ As- 

Proof. We know that e" is a weight vector, say e" e i?^. Then ji is the highest 
weight in the set £e{Su • e') = £E{U^-e') U£e{U-^ ■ e'). Fix a simple root a e 5. 
We compute 

u^{t^) ■ e' = u^{t^)ua{t) ■ e' 

(7) 

= Ua+u{tujt)Ua{t)Uu,{t^) ■ c'. 

Now consider a positive root /? ^ Z\5 such that Up stabilizes e". If a -I- /3 is a root, 
then Ua{—t)up{—s/t)Ua{t) — Ua-\-p{s)up{~s/t). By hypothesis on /3, it follows that 
Ua+p{s) ■ e" ~ Ua(t)up{—s/t)ua(t) ■ c". Combining with equation (7), we have 

£EiUa+p{s) ■ e") = £E{Ua{~t)up{-s/t)Ua{t) ■ s") 
C £ E{UaUpU^{t^)Ua{t) ■ e") 
= £E{UaUpUa+u,{tujt)Ua{t)u^{t^) ■ c") 
C £E{UaUpUa+u,{t^t)Ua{t)u^{t^) ■ e') 
= £ E{UaUpU^{t^) ■ e') 

for almost every £ C. 

Assume contrary to fact that fi + a + P lies in £ siUaUpUui ■ e'). Then either 
IJ, + (3 lies in £e{UpU^ ■ e') or fj. + a — £f3 lies in £e{Uuj ■ e') for some £ > 0. The 
first option is impossible because Up fixes e". We proceed to show the second is 
impossible by computing the scalar products oi a — £(3 against the fundamental 
weights. 

Since /x is the highest weight of £E{Uui-e'), we see that £(3 — a must be a positive 
integer multiple of lo. In particular, £[3 — a must be orthogonal to tUq,' for a' G S. 
Taking a — a' , we obtain 

= 1, 

whence £ — \. For the a' £ S different from a, the orthogonality condition simply 
implies that {(3,zUa') — 0. It follows that (3 — a + £'lo for some positive integer £' . 
But since (3 G Zi+ and oj is extremal, we must have £' = \. But then it cannot 
happen that a -I- /? is a root. 

On the other hand, suppose that (3 is as above, but a G 11 \ S = {oj}. Then we 
have that UaUpUa fixes e". But Ua{t)up{s)ua{—t) — Ua+p{st)up{s). Combining 
these observations yields 

£E{Ua+p ■ e") = £e{U^UpU^ ■ e") = ^^(e") = {fi}. 

So far, we have shown that if a positive root /3 is such that Up leaves e" invariant, 
then the same is true for all roots for the form a + P, a G U. By construction, e" 
is invariant under Ui^. The result now follows. □ 
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Definition 4.4. Let A: be a field. Given a positive integer t, we shall say that 
a fc-rational, absolutely irreducible representation of a fc-split, reductive algebraic 
fc-group G on a finite-dimensional vector space E is i-large if the set of its weights 
contains a root string of length £; otherwise, we shall say that E is l-small. 

We remark that E is ^-large if and only if there exist a weight /.i of E and a root a 
of G with 

(a, a) 

Using the normalization that {a, a) — 2 for all roots a =/= 0, the previous inequality 
reads simply a) ^ £ — 1. 

On the other hand, if /i is a weight of an £-small representation of G, then we 
can write /i = X^asTi "a^a, with \na\ < ^ — 1 for all a G 77. It follows that there 
exists a constant k, depending only on the type of the root system A, such that if /i 
is a weight of an arbitrary i'-small representation of a reductive group with absolute 
root system A, then \\^\\ < k{£ — 1). Let Kr be a positive number no greater than 
the minimum value of k(Z\) as A ranges over all root systems of type ADE and 
rank r. 

Given a representation of G on a finite-dimensional complex vector space E and 
a set S of simple roots, we can decompose E as an internal direct sum of irreducible 
Gg-modules. If S is the vertex set of a connected subgraph, then it makes sense to 
speak of ^-small or £-large Gg-submodules of E. 

Given an extremal vertex uj, consider the set = {/3 G zi+ | w^) — 1}. We 
are interested in a certain convex cone in (g) E, where A denotes the root lattice 
associated to A. Namely, define C^^ to be the cone whose base is the convex hull 
of \ {w}, and whose vertex is 0. Choose positive constants 6i such that for any 
root system of type ADE and rank i, we have that the angle between ut and C^j is 
no less than Oi for any extremal root uj. 

Let r denote the rank of G. 

Lemma 4.5. Let S be the complement in U of an extremal vertex uj, as above. Let 
E be an irreducible complex representation of G whose set of weights contains a root 
string of length £. Suppose that e is a nonzero element of an f -small submodule 
E' < E for the action of Gs- Then £e{S^ ■ e) contains a root string of length 
exceeding £ — Akj._i{£' — 1 ) tan 0^ . 

Proof. We may assume without loss of generality that e is a weight vector, say 
e € E'^ . Define corresponding vectors e' and e" as in Lemma 4.3, and set v' and /i 
to be their respective weights. In this case, /x — i^' is a nonnegative multiple of u. 

Denote by A the highest weight of the representation E. By irreducibility we 
have A S £e{B ■ e"). It follows from Lemma 4.3 that A — /i lies in the span of S. 
Therefore, we have the identity {ji^Wi^) = {\,w^). 

Let /i+ be the highest weight in the string £E{U^-e). Consider the trapezoid with 
corners ^, v, v' , and Denote by Us the subgroup generated by the root sub- 
groups associated to roots in S*. In other words. Us is the product of the root sub- 
groups associated to roots in A'^. By definition, fi lies in £ E{Ui^Us-e). The commu- 
tation relations tell us in particular that £e{UuiUs ■ e) C "f£;((n/3e£) Up)UsU^ ■ e), 
where D = D^^ \ {uj}. By definition, we have that /i — /i+ forms with uj an angle no 
smaller than 9^. 
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Now since E' is ^'-small, it follows that < 2Kr-i{£' — 1). Since {ly, wj) = 

{v' ^wj), we conclude that 

(fi'^jWui) ^ (/i, ro^) — 2k,._i(/ — 1) tan 6*^ 
= (A, ru^^) — 2Kr^i{t' — 1) tan Or 

The same argument used for the opposite system — Z\+ tells us that the lowest 
weight ^~ of £e{U-u ■ e) satisfies (/i~,ti7(^) ^ {wq ■ X^vu^^) + 2Kr-i{£' — l)tan6'r. 
The result follows. □ 

For a subset S C U which is the vertex set of a connected subgraph of the 
Dynkin diagram, we denote by Es^ f-smaii the sum of all ^-small Gs-submodules of 
E. In this case, we can canonically identify i?s, ^-smaii as a Gg-submodule of E. Set 
Ts — 2ks_i tan 9s ■ 

Corollary 4.6. Let S and oj be as in Lemma 4-5- If E is an {£' + 2lTr)-large 
representation of G, then 

Es, ^-small n Es^^^^ ^'-small = 0- 

Let us conclude with the observation that /i G ££;(£'f -small) implies that (/i, j3) < 
i for all /? e As- 

4.3. Exterior powers. We begin with a very general lemma. Let G be a connected 
algebraic group and E a G-module with basis SS^- Given a finite subset / C S^e^ 
we define e/ = At,e/ ^- (We acknowledge yet ignore the subtlety that e/ is only 
defined modulo sign.) Then we have that the set {e/ | / C S^e-, \L\ = "i} forms a 
basis for the rn-fold exterior power of E. 

Lemma 4.7. Let E and F be modules for an connected algebraic k-group G, with 
bases S^e ond S^f, respectively. Take finite subsets I C J C ."^f, e G f^^^E, 

and f G /^'^^F. Write m = \I\ + \ J\. Let H be an irreducible subvariety of G 
defined over k. 

Suppose that, for some h Cz H, we have that h ■ e (resp. h ■ f) has nonzero 
component in the ej-direction (resp. the ej -direction). Then for an open, dense set 
of h H , we have the following: 

(i) The vector h ■ {e A f) G t\^{E © F) has nonzero component in the 

eiuJ = 6/ A ej 

direction with respect to the basis /^{^iSe U Mf); and 

(ii) likewise for h ■ (e A e,/). 

Proof. The set of g such that g ■ ej has nonzero component in the ej-direction is 
open and contains the identity. Thus, the second assertion is a special case of the 
first. 

We now treat assertion (i). Consider the set He (resp. Hf) oi g G H such that 
g-e (resp. g- f) has nonzero component in the e/-direction (resp. the ej-direction). 
By hypothesis, H^, and Hf are nonempty. But they are also open subsets of H. By 
irreducibility, their intersection is nonempty, again open, and therefore dense. If h 
lies in the intersection H^ H Hf, then h satisfies the conclusion of assertion (i). □ 

Suppose now that G is a reductive complex algebraic group, and that i? is a 
finite-dimensional complex vector space on which G acts. Suppose furthermore 
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that our basis M of E consists of weight vectors for the action of a fixed maximal 
torus T, say e^', 1 ^ i ^ dimi?^. If / is a subset of | 1 ^ i ^ dimi?^}, then 

define 

(tj.,i)ei 

If ii' is a set of weights of E (or more generally, a subset of yl (X) M) and m = 
^^g^, dimi?^, then let us denote by bk the distinguished basis element 

e{{^l,i)\^J.eK,l^^^dimE^'} 

of the m-fold exterior power Also, let us write [K] for the weight J2veK 

In this notation, bk is a weight vector of weight [K] in the representation /\^E. 

Given a nonzero root /? £ A{T,G), we form the basis {ef} as usual. Likewise, 
when / is a subset of {(/i, «) | 1 ^ i ^ dim_E'^} we write ej for the corresponding 
monomial basis element for the exterior power. As we have seen, given a G-module 
E, the index set {(m, i) | 1 ^ i ^ dimi?^} carries some additional structures, 
depending on the choice of /3: Namely, the relation of /3-linkedness and the notion 
of /3-chains. If C is a /3-chain of E, then let us denote by £{C) the length (i.e. 
cardinality) of such a chain. 

We remark that, while the index set {(/i,«) | 1 ^ i ^ dimi?''} is fixed, the very 
basis which it indexes depends on the choice of a nonzero root. We will soon have 
occasion to compare these constructions for different /3. We will resolve eventual 
ambiguities by explicitly appending the root to the notation. For example, we shall 
speak of the "component in the e/(/?)-direction" to specify that component with 
respect to the basis of monomials in the vectors = e^{(3) associated to /?. 

The substance of the next lemma is that a certain property is invariant under 
changing the basis corresponding to one nonzero root to the basis corresponding to 
another. 

Definition 4.8. Let us say that a subset / C {(/i,i) | 1 ^ i ^ diniE''^} is {(3,£)- 
sparse if |/ n C| < min{£, ({C)} for every maximal /3-chain C of E. 

Lemma 4.9. Let G be a simply laced, connected, reductive complex algebraic group 
whose Dynkin diagram is a connected graph. Let (3, (3' be nonzero roots. Let L 
be a {(3,1) -sparse subset of | 1 ^ i ^ dimi?^}. Then g ■ Ek has a nonzero 

component in the ej ((3) -direction for some/ almost every g if and only if there exists 
a {(3' ,£) -sparse subset J C {(/i,«) | 1 ^ i ^ dimi?''} such that g ■ has a nonzero 
component in the ej {(3') -direction for some/almost every g. 

Proof. Let w be a representative in G of an element w €W sending (3 to (3' . Since 
w conjugates Up to U^i, it follows that w ■ (/?) = e™'^ (/?'), up to scalar multiple, 
for some z', 1 ^ «' ^ dim£^™'^ = dimi?^. Thus w sends /3-chains to /3'-chains of 
the same length. The result follows. □ 

We begin to specialize the situation. We take for K an afline hyperspace of 
and denote by ^^K the parallel linear hyperspace. For a fixed nonzero root a € Z\, 
we denote by {ef } the basis constructed in §2.8. When a construction involving 
basis vectors depends on the choice of a, we shall use the notational convention of 
Lemma 4.9 to make the choice explicit. 

Set 4 2"nj=iri + Set S* = 77 \ {uj}. We denote by ItsmeM the set of 
indices (/i,«) with e Eg^ ^-smaii- Since Es^ f-smaii is an S'c-submodule of E, it 



LINEAR GROUPS WITH SIMPLE REDUCED C*-ALGEBRAS 



27 



follows that the set of ef with (fi, i) G /^-smaii forms a basis for it. Denote by Ik 
the set of indices (/i, i) with /i e K. 

Proposition 4.10. Suppose G is a simply laced group of rank r; K an affine 
hyperspace o/yl^M; and U and a — (3i ^ ■ ■ ■ ^ j3q — uj chosen as in properties (CD) 

If E is an £j.-large G-module, then there exists an (a, 2£r-i) -sparse set I such 
that the ej-component of g ■ Bk is nonzero for some (equiv.. almost every) g G G. 

Proof. Induction on r. The rank one case follows from Corollary 2.21, for instance. 
Thus, assume r > 1. 

For convenience, we shall denote by wj the simple reflection through the simple 
root Pj of the combinatorial path of property (CD4) of §4.1. We observe that the 
subsystem A' of §4.1 coincides with As- Set w = W2 ■ ■ ■ Wg-i € Ws- Denote by 
K" the affine hyperspace {w~^ ■ a-^ fl K) © Kw. Let a' and uj' be as in §4.1. 

Let E' be an irreducible, ^^-i-large Gs-submodule of E. By the induction hy- 
pothesis, there exists an (a', 2£r-2)-sparse set /' (to use the notation of Lemma 4.9) 
such that g ■ skhXeE' has nonzero component in the e/'(a')-direction for almost 
every g G Gs- Let w' G Ws transport ■ a to a' . Since ■ a is not parallel to 
K" , it follows from Corollary 2.21 that we can take /' to satisfy £1' n w' ■ K" = 0. 
Now Lemma 4.9 tells us that there exists a {w~^ ■ a, 2^r-2)-sparse set J' satisfying 
£J' n K" — 0, such that g ■ exn^e-E' = 9 • ^w-'^-khEeE' has nonzero component 
in the eji{w~^ ■ a)-direction for almost every g G Gs- 

Collecting the preceding facts using Lemma 4.7, we see that there exists a set / 
satisfying 

(11) / n /£^_i-small coincides with /^-l.^ n /c,_i_small = -ff,_i-small 

(12) I n Ik" C Iw-^ K n -f^^_i-small — Ir <^ ^f^_i-small 

(13) /\ /£,_i-smaii is (w^^ ' a, 2£r-2)-sparse 

such that g ■ e^-i.^ = g ■ bk has nonzero component in the ei{w~^ ■ a)-direction 
for almost every g G Gs- 

Corollary 4.6 tells us that £e{S^ - ef) = £e{U^ - ef) U £e{U^^ - e-') is an lu- 
string of length at least 2(.r-i for each index (/i, i) G /£,,_i-smaii- In fact, combining 
Corollary 4.6 with Lemma 2.19 tells us even more: For ^ G i^/f,,_i-smaU fixed and 
any integer m satisfying -I- 2m\ < 2£r-i, the map 

Span(ef)(,,),,,^_^_„ ^ 

is injective. This map (defined up to scalar multiple) is simply the action of u±^{t) 
followed by projection to Since any w-string in K" meets £1 at most once, 

it follows from Lemma 2.15 and Lemma 4.7.(ii) that there exists a set J satisfying 

(Jl) J \ Ik" coincides with / \ Ik" 

(J2) If ^ G K" n£J, then \ {w-n,a)\^ 4_i - 1 

such that sg - has nonzero component in the ej(w~^ - a)-direction for almost 
every s € Si^, g £ Gs- In fact, we can say more: 

(J2') If ^ G K" n £J, then \ {w- ii,a) \ equals U-i ~ 1 or l^-i- 
In particular, every - a-chain C meeting Ik" H J has length at least £^-1, and 
satisfies | J n C| < 2^j.-2 + 2. On the other hand, if C does not meet Ik" H J, 
then JnC=/nC \ /£^_i-smaii- The result now follows from {w~^ ■ a)-sparsity of 
^ \ ^£r_i-smaU and a final application of Lemma 4.9. □ 
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Proposition 4.10 provides a roundabout method to derive some information 
about the direct sum decomposition of certain exterior power representations of 
simple groups. Let G, K and E be as in that statement. Denote by Vk the projec- 
tivization of the linear subspace ®^^k^^- ^ consequence of Proposition 4.10 is 
that Vk H g ■ Vk = for almost all g E G. In fact, it follows from that proposition 
and the fact that E is ^^-large that 

dim£' - 2 ^ dim£;'' ^ f r - 24-1 
for any afhne hyperspace K oi A(E)M.. 

Proposition 4.11. Take G, K , and E as in Proposition ^.if, and take h G T. Let 
h — hshu — huhg be the Jordan decomposition of h. If the semisimple component 
kg is not torsion, then the set of u E G satisfying 

h" ■ bk /\ eK ^ 

is nonempty and open. 

Proof. Fix for the moment a basis ^ oi E consisting of weight vectors for the action 
of T. Given a finite subset I C we define ej = v. Although only defined 

up to sign, the vector e/ is again a weight vector for the action of T. We have 
already seen that the set S§{rn) — {e/ | / C |/| = m} forms a basis for the 
m-fold exterior power /\^ E of E. 

Take m = 2 X^^iSK dim E^^ = 2 dim Vk+2. Given elements u E G and X e Lie T, 
it makes sense to consider the quantity X.®./,ti(^)i defined by 

X ■ u ■ ek Au ■ bk = ^ XfiJ,i,u{X)Bi. 

\I\=m 

We note that if we regard elements of A as functionals on LieT, then X-^,i,u lies in 
A®<C. 

By Proposition 4.10, g ■ bk A Bk is nonzero for almost all g E G. By dominance 
of the morphism G x T ^ G given by {u,t) i-^ there exist / and u such that 
Xsg,i,u is not identically zero on Lie T. 

U w G G represents w G W{T, G), then we have the relation 

W ■ X.1S,I,u — Xw-.Sg,w-I,wu, 

up to sign. We are now ready to vary our basis Since x.is,i,u 7^ as a member 
of yl ® C, it follows that W ■ xssj.u spans A®<C over C. 

Upon conjugation, we may assume that hs G T. We first prove the result in 
the special case of a semisimple element h = kg. By hypothesis, h does not lie in 
the intersection of the kernels of all characters of T. It follows from the preceding 
discussion that there exists a, w G W such that hwu ■ Bk A wu ■ Bk has nonzero 
component in the ei;,. /-direction with respect to the basis {w ■ S§)(m) of /\^E. The 
result in the case h — kg now follows from connectedness of G. 

Finally, we turn to the general case, k^ ^ 1. By the preceding argument, we see 
that there exists au G G satisfying the equation ft," • bk /\bk 7^ 0. The computation 

fx \ f 1 n \ f x-^ \ _ f 1 X'^^i 

y x-'^ ) y 1 J y x ) ~ yo i 
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for A, /i e implies that there exists a sequence of matrices ti ^ T such that 
/i^' — > 1 as z ^ oo. Thus 

since hs commutes with T. □ 

4.4. Reduction modulo k. We wish to gcncrahze the results of the previous sec- 
tion to the context of a simple group G over a local field k. To apply those results, 
we must first construct universal objects corresponding to G, its representations, 
etc. Roughly speaking, we can realize G as the 'extension of scalars' by fc of a 
Chevalley group defined over 1. Then we can extend scalars of the large repre- 
sentation of Proposition 4.10 to obtain a representation of G with some favorable 
properties. We will follow a somewhat different procedure. 

To begin, let k be an arbitrary field. Every /c-split, absolutely almost simple 
algebraic fc-group G comes from a group scheme H defined over Z by change of 
base Z ^ fc [I J ]. As usual, we identify H with the group of its points over C. We 
can endow the universal enveloping algebra of H with a Z-structure such that any 
finite-dimensional, fc-rational representation /? of G is obtained by extending scalars 
of the corresponding representation of H from Q to fc, and then factoring out the 
unique maximal invariant fc-subspace [ , ] . 

The following lemma is a special case of the corollary to Proposition 14, Chap- 
ter II, §7.7 of [8]. 

Lemma 4.12. Let V he a rational vector space. IfW and W' are linear subspaces 
of V , then 

{w r]W')®k^{w ®k)r\ {W ® fc). 

Let r be a maximal fc-split torus, and write A for the root system A{T,G), 
which coincides with the root system of the Chevalley scheme H . Denote by A the 
corresponding weight lattice. Given a G-module E and a subset K <Z A®M., denote 
by Vk the projectivization of the linear subspace 0^^;^ E^^ . 

Let be as in the statement of Proposition 4.10. 

Corollary 4.13. Let G he a connected, simply laced, k-split, absolutely almost 
simple algebraic k-group of rank r; T a maximal k-split torus ofG; and p an i^- 
large, k-rational representation of G on a vector space E. Suppose h G G(fc) has 
semisimple Jordan component of infinite order. 
Denote by X the set of elements u £ G such that 

(8) Vk n /i" • Vk' = 

for every pair of parallel affine hyperspaces K, K' of A®^. Then X is nonempty 
and open. 

Proof. Since G is fc-split, the subspaces Vk and Vk' are defined over fc. It follows 
that the condition (8) is an open condition on u e G. Therefore, we need only show 
that this condition is nonvacuous for each pair K , K' of parallel affine hyperspaces. 

Suppose first that K ^ K' . Then there exists a choice of a system Z\+ of positive 
roots of G with respect to T such that /i' — /i > for any weights fi (1 K, fi' G K' . 
If B is the Borel subgroup corresponding to this choice of A'^ , then any u which 
conjugates h into B will satisfy condition (8). We are left with the case where 
K'. 
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Let US denote by pc, Ec the corresponding complex representation of the asso- 
ciated Chevalley scheme H, which we identify with its points over C. Denote by 
Eq the rational structure coming from the Z-structure on the universal enveloping 
algebra of H. Write 

Y ^ {v e H iWKnh" - Wk = 0}, 

where Wk = ®^^j,E^. 

It follows from Lemma 4.12 that 

C{Y)=Q{Y)(E)C 

k{X) = Q{Y)®k. 

But Y is nothing but {v € H \ bk A h" ■ bk ^ 0}. Thus Proposition 4.11 implies 
that C(y) = €.{11). The result now follows from dimension considerations. □ 

5. Producing representations with contractive dynamics 

5.1. Producing representations with proximal behavior. We begin this sec- 
tion by outlining some of the elementary representation theory of semisimple groups, 
which can be found in more detail in §24. B of ["]. We restore k to being a local 
field. Let G be a connected, semisimple, fc-split fc-group, T a maximal fc-split 
torus. We write A = A{T, G) and W — W{T, G) for the root system and Weyl 
group associated to T. 

We fix for the moment a system Z\+ of positive roots for A. Let B denote the 
corresponding Borel /c-subgroup containing T, and U its unipotent radical. If Ao is 
a character of T, we can regard it as a function on £? = TU by extending it trivially 
on U. 

Fix a fc-rational character A of T, dominant with respect to Z\+. Let E{X) denote 
the Weyl module associated to A. Namely, 

£;(A) = {/ e n[G] I f{gb) = {-Wo ■ X){b) ■ f{g),g eG,he B}. 

First we suppose that k has characteristic zero. Then E{\) is an absolutely 
irreducible G-module with highest weight A. Because G is fc-split, we can endow 
E{\) with a fc-structure with respect to which the representation p : G GL{E{\)) 
is rational. That E{X) is finite-dimensional (and nonzero) follows from dominance 
of A. 

On the other hand, if fc has positive characteristic, then the Weyl module E{\) 
need not be irreducible. Nevertheless, E{\) contains a unique absolutely irreducible 
subrepresentation F{\). As before, we have that F{X) is finite-dimensional and 
nonzero; and that A is still the highest weight of F{\). In this case it is also true 
(cf. Theorem 2.5 of [21]) that F{X) can be endowed with a fc-structure with respect 
to which p : G ^ GL(i^(A)) is rational. 

In the remainder of this section, we consider the problem of producing a repre- 
sentation wherein a fixed semisimple element of G(fc) acts very proximally. Take h 
in T(fc). 

We wish to associate some root data with h. Choose a system A'^ of positive 
roots containing all roots 4> G A such that \(f>{h)\ > 1, where |-| denotes the absolute 
value on fc. Let n be the associated set of simple roots. Define the set — 
{(j) e A \ \(l){h)\ = 1}. This is easily seen to be a root subsystem of A, and 
^tm ~ ^iin ^ '^'^ is a valid choice of positive system. It is also true that the simple 
roots associated to this choice of positivity is exactly 77^™ — Ai^ n 77. 
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The main tool for constructing projective actions where a given nontorsion semi- 
simple element admits a ping-pong partner is the following observation. 

Proposition 5.1. Suppose there exist an element w W and a dominant weight 
X satisfying the following conditions. 

(i) w • A = -A 

(ii) W ■ Aijn = Atu 

(iii) A _L 

Then there exists an absolutely irreducible, finite- dimensional G-module E and a 
k-structure on E with respect to which the map p : G GIj(E) is k-rational and 
p{h) G GL(_Efc) is very proximal. 

Proof. Let E = E{X) if charfc = 0; otherwise, let E = F{X). By the discussion 
above, the representation p : G GL(£') is fc-rational, absolutely irreducible, and 
finite-dimensional. We need only show that p(h) is very proximal. 
Any weight p oi p must be of the form 

(9) = A - ^ Caa 

aen 

with Cq. ^ 0. The definition of A'^ immediately implies that X{h) is an eigenvalue 
of maximal norm, and that if — \X{h)\, then all coefficients Ca in (9) vanish 

for a e 77 \ 77i,„. 

Denote by E^ the weight space of E corresponding to weight p. In this language, 
the projectivization E-^ of 7?^ lies in A{p{h)). We work to establish the claim that 
if 

(10) p = X — CaOi 

is a weight for some integers Cq, then all of the coefficients are zero. It will 
follow that A{p{h)) coincides with the projectivized weight space E'^. Since A has 
multiplicity one as a weight of p, it will follow that the p{h) is proximal. 

We have already observed that Aim is itself an abstract root system; that A'l^^ = 
Aim n A'^ is a valid notion of positivity in Aim] and that Him = 110 Aim is 
a system of simple roots. Denote by Wim the Weyl group of this system. In 
particular, for any element z = X^aeij ^a<x of the root lattice of Aim, there exists 
an element Wz G Wim such that ■ z lies in the closed fundamental Weyl chamber 
corresponding to Uim- 

We note that the Weyl group Wim of the subsystem Aim is generated by the 
reflections CTq through hyperspaces perpendicular to simple roots a G Uim. Al- 
though Wim was defined abstractly in terms of a root system, we may identify 
Wim with the corresponding subgroup of W: namely, the subgroup generated by 
the root reflections CTq (a minor abuse of notation) associated to simple roots in 
Uim- Now for all a e Uim, condition (iii) implies that aa fixes A. So if we take 
z = - J2aen,^ CaOf, then 

Wz • p ^ X + Wz • z )p X, 

with respect to the notion of positivity coming from If p is a weight of p, then 
of course so is Wz ■ p. However, Wz ■ p cannot be a higher weight than A. Therefore, 
z = and p = X. This proves our claim, and establishes the proximahty of p{h). 
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Condition (i) implies in particular that —A is a weight of p. If there were a 
lower weight /i, then • /i would be higher than A. By construction of Z\+, we 
see that is minimized over all weights fi oi p when p = —A, that is, when 

\p{h)\ = \X{h)\~^. Moreover, if is a weight realizing \p{h)\ — \X{h)\~^ , then p 
satisfies ^ + A = X^ae-rrim ^aCt- A-pplying w to both sides yields 

w ■ p — X + w ■ Caa. 

But condition (ii) implies that w preserves the root lattice corresponding to the 
subsystem Aim- Therefore, w ■ J^a^n '^o'Cn = J^a^n '^'a'^- have already 

observed that the only weight of the form (10) is A itself. Thus w ■ p — X, or 
equivalently, p = —A. Thus A{p{h~^)) coincides with the projectivization of E^^. 
Since A has multiplicity one, so does w • A = — A, and the result follows. □ 

Remark 5.2. It often happens that a Weyl group contains the linear transformation 
— 1 sending each root to its negative. In this case, we note that the hypotheses of 
this theorem are much easier to verify. Conditions (i)-(iii) can be replaced with the 
much simpler condition that Ilim C 11. 

Of course, this Proposition is not very useful if 77^^ coincides with 77. We 
conclude this section by quoting a lemma which will eventually serve as an "escape 
hatch" from this situation. 

Lemma 5.3 (Lemma 4.1 of [ ]). Let £ be a finitely generated field, and t Cz 
an element of infinite multiplicative order. Then there exists a locally compact field 
k endowed with an absolute value lo, and a homomorphism a : £ —f k such that 
Luiait)) ^ 1. 

5.2. Quasi-projective transformations and quasi-proximal unipotents. If 

G is a connected, semisimple algebraic group over an archimedean local field k, 
S C G{k) a fc-dense subgroup, and u a unipotent (and nontorsion) element of S, 
then our eventual goal is to produce a irreducible, finite-dimensional, fc-rational 
linear representation p oi G such that p{u) behaves "as if it were proximal," and 
such that there exists genuinely proximal elements in p{S). By the phrase "as if 
it were proximal," we mean roughly that p{u) acts on the projective space with 
an isolated fixed point; that the basin of attraction for this fixed point is large; 
and that convergence to this fixed point occurs uniformly on compact sets in the 
appropriate sense. 

We begin with a brief review of the notions of quasi-projective transformations 
and contractions. The notion was introduced by Furstenberg [l.'S], in the same 
paper where he introduced proximality. The basic references for this section are 
the papers of Gol'dsheid and Margulis [14], and Abels, Margulis, and Soifer [1]. 

In this section, we let E denote a finite-dimensional vector space over an archi- 
medean local field k, P its projectivization. Endow P with the angle metric 

,/ N I Q) I 

dip, q) — arccos — n — n — n 

\\p\\ ■ H\ 

where p and q are representatives in 7? \ {0} of p and q respectively; |(- , •) | is a fixed 
Euclidean (resp. Hermitian) scalar product on 7<^ if fc = M (resp., if fc = C); and ||-|| 
is the norm on E associated to the scalar product |(-, •)!. 
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Definition 5.4. A map b : P P is called a quasi-projective transformation if it 
is the pointwise limit of a sequence of projective transformations of P. 

If & is a quasi-projective transformation, we denote by Mo(6) the image under b 
of the set of points of continuity for b. If s = (s„) is a a sequence in GL{E) with 
b = lims^ then we set Mq{s) = Mo{b). Let Li{s) denote the topmost space in the 
Lyapunov filtration associated to s: Namely, if (3 is the linear operator on E given 
by 

l3{x) = lim ||s„||"^s„ 

n — >oo 

(which exists thanks to compactness of the unit ball in E), then Li{s) is by defini- 
tion the projectivization in P of ker 

Definition 5.5. We call b a contraction if Mo{b) is a point. 

Definition 5.6. We call a sequence s = (s„)„>o in GL{E) is contractive if the 
following conditions are satisfied: 

(i) The associated sequence (s^) converges pointwise on P; and 

(ii) there is a sequence of scalars (Bn) in such that (BnSn) G GL{E) con- 
verges pointwise to a linear map /3 of rank 1. 

Remark 5.7. If s is a contractive sequence, then 6 is a contraction, and moreover 
agrees with /? on the complement of ii(s). Conversely, it is true that any contrac- 
tion is the limit of a contractive sequence. 

The following lemma is evident. 

Lemma 5.8. Let b be a quasi-projective transformation with b — lims^ for some 
sequence s = (s„) in S; and take h Cz S. 

(i) Moihs) = h ■ Mois) 

If in addition s is a contractive sequence, then 

(ii) Li(/is) = Li(5) 

We shall exploit the interplay between the notions of proximality and contraction. 
For a subsemigroup S of GL{E), let us denote by S the set of quasi-projective 
transformations arising as limits of sequences of projective transformations induced 
by elements of E. We quote the following result. 

Lemma 5.9 (Lemma 3.13 of [ ]). If S is an irreducible subsemigroup o/ GL(i?) 
and s — (s„) is a contractive sequence in S, then S contains a proximal element. 

Proof. Upon replacing s by hs for some h Cz U, we may assume by Lemma 5.8 and 
Lemma 2.15 that Mo(s) ^ Li{s). It now follows from Lemma 2.6. (ii) that s„ is 
proximal for n sufficiently large. □ 

Suppose that u G GL(£') is a unipotent linear transformation. If x G P then u^x 
converges pointwise to an eigendirection for u; i.e., to a point in the projectivization 
in P of ker u — I. 

Definition 5.10. We shall say a unipotent element u is quasi-proximal if for some 
integer d, the endomorphism Ud — {u — lY : E ^ E has rank one. 



34 



TAL POZNANSKY 



We shall assume for the remainder of this section that u is quasi-proximal. Then 
if d is as in the definition, (^) u" converges pointwise to a nonzero scalar multiple 
of Ud- Thus, the sequence s = (w") is contractive. Denote by B{u) and B'{u) 
the projectivizations of imud and keru^j, respectively. We have Mq(s) = B{u) and 
Li{s) — B'{u). We note that we have the following analogue for quasi-proximal 
unipotents of Tits' Lemma 2.6.(i): 

Lemma 5.11. Suppose that u € GL(S) is a quasi-proximal unipotent. Let K C 
P \ B' (u) he a compact set. For any q > there exists an integer N such that 
< q for all z > N; and for every neighborhood U of B(u) there exists an 
integer N' such that ■ K <Z U for all z > N' . 

Proof. The second assertion follows from the observation that the quasi-projective 
transformation lim^^oo agrees with Ud on the complement in P of 

The first assertion requires more care. Let p,q € P, and pick representatives 
p,q G E\ {0}. We first observe that if p, g G E \ {0}, then we can regard 
\{u^p, u^q) \ as a polynomial in z with coefficients in k. Moreover, iip,q G P\B'{u), 
then the degree of this polynomial is precisely 2d. It follows that the expression 
cos^ d{u^p,u^q) S k{z) is a ratio of polynomials of degree Ad in z, with identical 
leading coefficients. (In a suitable basis the coefficients are homogeneous polyno- 
mials of degree four in p and q.) 

Let K be as in the statement of the theorem. From the above description of 
d{u^p,u^q), we see that if z is large relative to the distance d{K,B'{u)), then 

d{u^p,u''q) 

hm — — 

p^q d(p, q) 

for q e K. 

Consider the functions f^'.K^ given by 

d{u''p,u''q) 

f,{p) = sup —- ^ — . 

qeK\{p} d{p,q) 

The function is continuous because if p is near q, then either 

d(u^p,u^p') . , d{u^q,u^p') 

— — IS close to — — 

d{p,p'j a[q,p') 



or q = p . 

We observe that rational functions in z have the property that they are eventually 
monotone. From the remarks above, it follows that the sequence eventually 
decreases in z monotonically to zero. It follows from Dini's theorem that this 
convergence is uniform. The result follows. □ 

Let us summarize the results of this section. 

Corollary 5.12. // S is an absolutely irreducible subsemigroup of GL(i?) which 
contains quasi-proximal unipotent elements, then it contains proximal elements. 

Proof. Apply Lemma 5.9. □ 

It may be illuminating to supply a more direct proof of Corollary 5.12. Suppose 
u is a quasi-proximal unipotent. By irreducibility, there exists an element h Cz S 
such that h ■ B{u) (f. B'(u). We will see that hv!^ is proximal for all sufficiently 
large z. 
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Let K C P he a. compact set such that B{u) C Int K and h ■ K C P \ B'{u). By 
Lemma 5.11 there exists a number N such that u^h ■ K C Int K and || < 

l/|j/i|i^|| for all z > iV. Then hu'^h-K C /i • Int if and \\ku\h.K\\ < 1- We conclude 
by invoking Lemma 2.6. (ii). 

In closing, we note that if a unipotent element is quasi-proximal, then so is its 
inverse. Moreover, B{u) = B{u^^) and B'{u) — B'{u~^). We also have for any 
X g GL{E) and z e N that B{^u) = x ■ B{u), B{u'') = B{u), and likewise for B'. 

6. Proof of the main theorem 

We say a group is ice if all of its nonidentity conjugacy classes are infinite. Bekka 
and de la Harpe [''-] showed the following: 

Lemma 6.1. Suppose that Fq is a finite-index subgroup of an ice group F . If 
C*{Fq) is simple (resp. has a unique trace up to normalization), then the same is 
true ofC;{F). 

Lemma 6.2. Let H denote the union of the finite conjugacy classes of a group F. 
Then H is a characteristic, amenable subgroup of F. 

Proof. The conjugacy class of a product lies in the product of conjugacy classes. 
Thus, it remains only to prove that H is amenable. 

If h F lies in a finite conjugacy class, then its centralizer Zr{h) is of finite 
index in F. If S" is a finite subset of H, then H/igs ^r{h) is likewise of finite index 
in F. But this intersection contains the center of the subgroup (5). It follows that 
every finitely generated subgroup of H is virtually abelian, and hence amenable. 
The result follows. □ 

We begin by deducing Theorem 1.1 from the following result: 

Theorem 6.3. Let G be a connected, semisimple algebraic group with trivial center, 
and let F < G be a finitely generated, Zariski-dense subgroup. Then G*{F) is 
simple, and has a unique trace up to normalization. 

Proof of Theorem LL Paschke and Salinas [ I '] showed that if F has a nontrivial 
normal amenable subgroup, then G*.{F) is not simple, nor is its trace unique up to 
normalization. 

Suppose F has no nontrivial normal amenable subgroup. Let G be the Zariski 
closure of 7^. If we denote by R the radical of G, then n i? is a solvable normal 
subgroup of I^, hence trivial. Therefore, upon projecting modulo R, we may suppose 
that G is semisimple. Likewise, up to projecting to the adjoint group, we may 
assume that G is center-free. 

For convenience, for a subgroup H of G, let us denote by G\{H) the Zariski 
closure of H and by H° and the connected component of H containing the identity. 
For any infinite subgroup Fq of F, we have that the dimension of Cl(ro) is positive. 
Since F is nonamenable, it must contain an infinite, finitely generated subgroup. 
Write 

d = max{dimCl(/o) | Fq is finitely generated}. 

We can write F as the union of an increasing chain /o C A C • • • of finitely 
generated subgroups. Write Gq — Cl(ro)°. Without loss of generahty, we may 
suppose that dim Gq = d. 
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A theorem of Schur has it that if a hnear torsion group is finitely generated, then 
it is finite. In particular, Fq D Gq contains an element of infinite order. It follows 
that Fi n Go is nontorsion (i.e. not locally finite) for all i ^ 0. 

For 7 g 7^, we have {Fo,F^) C {Fo,j). Taking closures, we obtain 

(Go,G2) cCl((ro,7)). 
But the latter is an irreducible algebraic variety of dimension d. Since Gq is con- 
nected, we must have Gq = Gq. Since 7 was arbitrary, we have F C Nq^Gq). But 
this last is closed, while 7^ is dense. Hence Gq is a normal subgroup of G. 

For an element a G G, we have |a*^'''^^'| ^ But a'^"'^^' is Zariski dense in 

a'^" . In particular, if a lies in a finite conjugacy class of Fi, then a £ Zg{Go) — 1. 
Therefore, Fi is ice. 

The remainder of the proof consists in exhibiting an arbitrary Zariski-dense 
subgroup F of an arbitrary semisimple adjoint group G as the increasing union of 
subgroups whose reduced G*-algebras are simple and have a unique tracial state. 
The result will then follow by taking inductive limits. 

We can write G° as an internal direct product of simple groups, say G° = 
Gi X • • • X G^. Induction on r: If r = 1, then Go = G°. We can take Fi Zariski 
dense for i ^ |G/G°|. The result in this case follows from Theorem 6.3. 

Therefore, suppose that r > 1, and indeed that Gq < G°. Then FiOGo is Zariski 
dense in Go and of finite index in Fi. By the induction hypothesis, G*{Fi n Gq) is 
simple and has a unique trace, up to normalization. But then the algebra G*{Fi) 
enjoys the same properties by Lemma 6.1. □ 

We shall prove that groups as in the statement of Theorem 6.3 'virtually' satisfy 
the hypotheses of Lemma 2.3. Namely, if F is such a group, then there exists a 
finite index subgroup Fq such that for any finite subset F C Fq, there exists an 
element g € F of infinite order such that etc. But, one may wish to know more: For 
a fixed finite subset F, how large is the set oi g G F verifying the conditions of that 
lemma? We shall prove the following generalization of Theorem 6.3; it includes the 
statement that the set of such g is very large indeed. 

Theorem 6.4. Let G and F be as in Fheorem 6.3, and let F be a finite subset of 
G. Suppose that for every simple direct factor H of G, and every torsion element 
h G F, the centralizer Z}{{h)° is not a simple, proper subgroup of full rank in H. 
Then the set of g £ F which verify conditions (i) and (ii) of Lemma 2.3 with respect 
to some decomposition F — FpU Fr is dense in the profinite topology on F. 

Before turning to the proofs of Theorems 6.3 and 6.4, we prove an important special 
case. 

Theorem 6.5. Let G, F, and F be as in Theorem 6.4. Write G as the almost direct 
product G_iG_|_i, where G_i is the largest normal subgroup of G whose Weyl group 
contains the linear transformation —1. Suppose that G+i contains no nontrivial 
power of any element of F whose semisimple part is nontorsion. 

Denote by Yp the set of elements j £ F of infinite order such that the subgroup 
(7, /i) generated by 7 and h is canonically isomorphic to the free product (7) * (h), 
all h G F. Then Yp is dense in the profinite topology on F. 

Proof. Let Hg be a coset of a finite-index subgroup H C F, g £ F. Upon replacing 
if be a finite-index subgroup, we may assume H is normal in F; and we note that 
H is itself Zariski-dense in G, by virtue of connectedness of G. 
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Let fc be a finitely generated field over which G is defined and such that F C G{k). 
Upon extending fc, we may also assume that fc contains all eigenvalues of all elements 
of F. Let T be a maximal fc-split torus of G. We write F as a disjoint union 

U i^t U F„, where 

Fs = {h ^ F \ h has nontorsion semisimple part /i^}, 

Ft = {h E F \ his torsion}, and 

Fu = {h ^ F \ h IS not torsion, hs is torsion}. 

Suppose first that h Cz Fs- Upon conjugating, we may assume T contains hg. 
Then writing h — h-ih^i with S G-i, then some eigenvalue r of has 
infinite multiplicative order. By Lemma 5.3, there exists a local field fc^ extending 
fc such that |t| ^ I. If = ni„^{hg) is as in §5.1, then Ph{h) is proximal in 
the irreducible representation ph of highest weight A for any positive integral sum 
A of fundamental weights Wa with a £ n \ 77^- By choice of fc/i, there exists a 
connected component of the Dynkin diagram, not contained in 77^™, whose Weyl 
group contains —I. In particular, by constraining the coefficients (A, a) in the sum 
to be nonzero only for those a lying in this connected component, we obtain that 
Ph{h) is very proximal, and that ph factors through an absolutely simple factor of 
G. 

Suppose h £ Fu- It follows that is nontorsion, whence fc has characteristic 
zero. Let kh be an axchimedean local field extending fc. Let nih be the order of hg. 
Let Ph be any fc^^-rational, absolutely irreducible, finite-dimensional representation 
of G. Upon replacing ph by an exterior power and taking the correct irreducible 
component, we can guarantee that ph{h"^'^) is a quasi-proximal unipotent. By 
Corollary 5.12, f2^(ph,r) is nonempty. As before, we may assume that ph factors 
through an absolutely simple factor of G. 

Finally, we turn to the torsion elements Ft . Denote by Ft the set of all nontrivial 
projections of all elements of Ft to all simple direct factors of G. We remark that, in 
order to find an element of 7^ which satisfies no nontrivial relation with any h £ Ft, 
it suffices to find an element of 7^ which satisfies no nontrivial relation with any 
h G Ft- We also remark that fc already contains all eigenvalues of all elements of 
Ft- Therefore, we assume that Ft = Ft- 

Fix an element h € Ft. By the previous paragraph, h lies in an absolutely 
simple direct factor Gh of G. If kh is any local field extending fc, and p any 
fc/j-rational, absolutely irreducible, finite-dimensional, nonzero representation of G 
factoring through Gh , then it follows from absolute simplicity that Gh H ker p C 
Z{Gh) = 1- Since a finitely generated linear torsion group is finite, it follows that 
p{r) contains nontorsion elements. Hence, the preceding paragraphs imply that 
there exists such a representation ph with Q+{ph,r) nonempty. 

To summarize the proof so far, we have constructed a family 

{Ph-.G^ GUEh) \h(^F} 

of absolutely irreducible, finite-dimensional, nonzero linear representations of G 
rational over local extensions of fc, factoring through absolutely simple direct factors 
of G, with the properties that 

(i) Ph{h) is very proximal ii h £ Fs\ 

(ii) {ph{h)) ^ {h) a h € Ft; 

(iii) Ph{h) has a power which is a quasi-proximal unipotent if h E F^; and 
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(iv) n+{ph, r)^0 for all he F. 

Let Ph denote the compact Hausdorff topological space P{Eh){kh)- 
Write Fi — Fg U F^- For h E Fi, let us set the notation 



(11) Kiih) 



We note that the apparently infinite union on the right-hand side of (11) is actually 
a finite union of projective hyperspaces by the hypothesis that hs is torsion. 

For convenience, we introduce the notation for 7 G G that = Phil)- In 
analogy with the critical set defined by equation (11), we set for 7 G G 



A(7,0UA(7^1) ifAi-fh)^Eh, 

U^i 1" ■ B{ph{ju)) if 7s is torsion and phi^u) quasi-proximal, 



noting again that the union on the right-hand side is a finite union of singleton sets. 
When h G Fi, we will write C{h) = C{hh) for simplicity. 

Denote by R the set of representations {pfnpWh€ F}, where we denote by p^ 
the dual of the representation p. Since ^^(7) is proximal if /o(7~^) is, we see that 
Hpefl ^o{Pi S) coincides with H/igF ^oiPh, S). Lemma 2.9. (i) implies the existence 
of a finite attractor family <1> C PlhsF ^oiPh, S) for the family R. Upon conjugation, 
we may assume 

C{h) C Ph \ A'icf,-') and 
A{cl)h) C Ph \ Kr{h) 

all hG Fi and (f) e-P. 

For each h G Fi, choose compact subsets Uh and C Ph satisfying 

Kh C F,, \ U ^'(-^z^') ^e^) ^ -^/^ 
4>e-i> 

Uh C Ph \ Kr(/i) \J Ai^h)c Int Uh . 

By Lemma 2.6. (i) there exist numbers Nh such that ■ Uh C Int Kh, all h E Fi 
and \z\ ^ Nh- li h e Ft, denote by Nh the order of h. 

Upon replacing <Phy a high (elementwise) power of itself. Corollary 2.10 implies 
the following: For any 7 G f]i^^p nQ{ph, H) there exists (/) £ 'P such that for all 
h £ Fi we have 

(12) </) • A{-,h) C Int Uh 

(13) (b-A'{j^')nKh = 0. 

Now fix 7 G ClheF ^o{Ph,H). By virtue of Lemma 2.15 and Proposition 2.17, 
there exists y £ S satisfying 

y-'r'-C{h)cPh\A\j-') 

y ■ G(7h) C Ph \ ir' ■ Kr(/i)) 

for all h £ Fi and all G ^, and 

h^y^ ■ Aijh) c Ph \ A'ij-') 
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for all h E F, (j) E <P, and < |z| < Nh- Since H is normal in S, we may as well 
replace 7 by ^7. Thus we obtain an element 7 E H/igf ^oiPinH) satisfying 

C(7,0 C Ph \ (0-1 • Kr{h)) 

for all h E Fi and all (f) E 'P, and 

h^^ ■ A(7,0 C Ph \ A'{^-^) 

for all h E F, (j) E <l>, and < \z\ < Nh- Let cj} E he that element satisfying 
conditions (12) and (13) for this choice of 7. 

On the other hand, ii h E Fi and \z\ ^ N^, we have h^4> ■ A{jii) C Int ■ Uh C 
IntiC/i. Then it follows in this case by (13) that (/i^0 • A{-fh)) n (0 • ^'(7,7^)) = 0. 
Thus if we write (3 = ^^7, then fi E C\heF ^o{Ph, H) satisfies the following conditions: 

C{h)ElPh\A'{l3-^) and 
C{l3h)^Ph\^r{.h) 

for all h E Fi; and 

(14) /.^•A(/3,)cP„\A'(/3,;i) 

for all h E F and all nontrivial powers h" of ft,. 

By Lemma 2.6. (i) and Lemma 5.11, we have that ■ Uh C Int Kh for all h E Fi 
and for almost all z e N. Equations (12) and (13) imply that A{Ph) C IntUh and 
Kh C Ph \ A'{P^^), h E Fi. Upon shrinking Uh, enlarging Kh, and using (14) if 
necessary, we obtain compact sets K^ , Mh C Ph, h E Fi, with 

K+ C Ph \ Kr(ft) A{f3h) C Int K+ 

Mh C Ph \ A' (/3,; 1 ) C(ft) C Int Af;, . 

and ■ K^ C Int Mh for all h E Fi and all z 7^ 0. For ft, E Ft, by virtue of (14), 
we can choose compact sets K^ C Ph such that 

A{ph)^lntK+ 

■ K+ c Ph \ A'{p-') 

for all nontrivial powers ft^ of ft. For the sake of consistency, when h E Ft, we shall 
write Mh = U/t-^i ' ^h ■ With this definition, we have Mh C Ph\ A'{l3^^) for 
all hE F. 

Now by Proposition 3.4, there exists S E Pl/isF ^o{Ph,Hg). By Lemma 2.15 and 
the fact that H is Zariski-dense, there exists an element x E H such that for all 
h E F we have 

X ■ A{f3^^) c Ph \ GiiSh) 
x-^-C{Sh)cPh\A'{Ph)- 

Since x E H and is normal, we have E Hg. Therefore, we may as well suppose 
that 6 = 5^ E H/ieF ^o{Ph, Hg) satisfies the following conditions 

(15) Aifi^') c Ph\CTi6h) 

(16) C{6h)cPh\A'{Ph), 
all hE F. 
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By equations (15) and (16), for each h & F and we can choose compact sets K/^ 
and Lfi with 

K- C Ph \ Cr((5,0 A{(3-') C Int 
Lh(lPh\A'{(3h) Cidh) ClntLh. 
By Lemma 2.6.(i) there exists a number i' such that 
(17) 13-" -MhdlntK- 

ilS) 13" ■ Lh(ZlntK+ 

for all /i G -F. Finally, by Lemma 2.6.(1), there exists a number /io such that 
5^ ■ C Int Lh for all h £ F, whenever |^| > ^o- 

Consider the expression (3^"h^- (3" ■ L^. Using equations (17) and (18), we have 

(3-"h'f3" ■ Lh C Int (3-"h'- ■ K+ 

C Int p-" ■ Mh 

In particular, we have for /i > /ip and j 7^ that 

6^^'^3-"h''|3" ■ LhdlntLh. 

Thus whenever h E F and 2; e Z is such that ^ 1, we have 

{S'^yip-'hPY' -LhClntLh. 

Also, taking z = 1 in the above sequence of inclusions yields 

p-"hf3" ■ Lh C Int (lPh\ CriSh), 

whence p-"hP" ■ Lh ^ Lh- By Lemma 2.4, we have for all h £ F and fi > fio that 

{5^',(3-"hl3") ^ {S^") * {l3-"hl3"). 

Conjugating both sides yields 

{P"S''p-",h) ^ {(3" 5^ (3-") * (h). 

If we take n > fiQ such that /x = 1 mod \H\r\ then Hf3"5''p-" = HS'' = Hg, 
because H was assumed normal, f3 G H, and S € Hg. □ 

Finally, we return to the general case. 

Lemma 6.6. Let C be a nonunipotent conjugacy class in a connected, reductive 
group G. If F is a finitely generated subgroup ofG, then there exists a finite index 
subgroup H < F which does not meet C. 

Proof. Since F lies in the points of G over a finitely generated field, the identity 
map F F extends to a continuous map from the profinite completion of F into 
the points of G over a local field. As the (Zariski) closure of G does not contain the 

identity, it follows that the identity does not lie in the profinite closure oi CnF. □ 

Proof of Theorem 6.3. Let H and simple direct factor of G. Denote by tth the 
projection G ^ H. If is neither of type Bn, n ^ 2, nor of type G2, then 
Remark 2.12 implies that there exists no class of elements h £ H with the property 
that ZH{h)° is a simple, proper subgroup of full rank in H. If H is of of type 
n ^ 2, or of type G2, then there exists a unique such class, say Gh- In this case, 
Gh is semisimple torsion. 
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It follows from Lemma 6.6 that there exists a subgroup Iq of finite index in F 
with the property that 7r/f(/})) n Ch = for every H of type i3„, n ^ 2, or 6*2. 
The result now follows from Theorem 6.4 and Lemma 6.L □ 

Proof of Theorem 6.4- Let G±i be as in the statement of Theorem 6.5. Note that 
G+i lies in the product of the simply laced, absolutely simple direct factors of G. 
Let Hg be a coset of a finite-index subgroup H C F, g e F. 

Let Fr be the set of all elements h E F whose semisimple parts hg satisfy the 
condition 

hi G G+i implies j — 0. 

Fix for the moment an element h E Fr- Upon conjugating, we may assume T 
contains hg. Then writing h ~ h^ih^i with G G_i, then some eigenvalue 
T of has infinite multiplicative order. By Lemma 5.3, there exists a local 
field kh extending k such that |r| ^ 1. If 7Ti„j = F[ijn{hs) is as in §5.1, then 
there exists a simply laced component of the Dynkin diagram of G which is not 
contained in 77^^- If P is any A:?i-rational, absolutely irreducible, finite-dimensional, 
nonzero representation of G which factors through the corresponding absolutely 
simple direct factor of G, then p{h) lies outside every compact subgroup of pG{kh)- 

Choose such a representation which is fr(h)"l^rge, where r(h) is the rank of 
the simple factor of G through which factors. Given an affine hyperspace K of 

(8) K, denote by Vh,K the projectivization of ® ■ Corollary 4.13, we 
have that the set X oi u E G satisfying Vh,K H ■ Vh.K' = for every pair K, K' 
of parallel affine hyperspaces of yl (8) M and every ft, G -FV is nonempty and open. 

Set Fp — F \ Fr- Denote by Y the set of elements 7 G of infinite order such 
that the subgroup (7, h) generated by 7 and h is canonically isomorphic to the 
free product (7) * {h), all h G Fp. By Theorem 6.5, Y is dense in the profinite 
topology on 7^. Since F is finitely generated it follows from Lemma 3.5 that YnHg 
is Zariski-dense. For convenience, denote by the morphism T x G G given by 
{t, u) 1-^ "t. Then there exists an element g G Y C] Hg in the image of T{k) x X 
under the dominant morphism (f). 

Fix h G Fr, and positive a number c. Writing g — for m G X and t G T{k) 
and K{h,c) for the afiine hyperspace {I^/^eA M'X'^ai S A(^R \ X^^^eyi 9m loglA^(^s)l = 
logc}, we observe that A'^{ph{t)) coincides with Vfi_K{h.c)- In particular, A'^{ph{t))r] 
f^u . j\d,^p^^^^^ _ every pair of positive numbers c and d and every h E Fr- 
Finally, we compute 

A%ph{g)) n h ■ A^iphig)) = u ■ A-{ph{t)) n hu ■ A^iphit)) = 

for every pair of positive numbers c and d and every h £ F^. □ 
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